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SECOND ORDER THETA FUNCTIONS AND VECTOR BUNDLES
OVER JACOBI VARIETIES

DAVID S. YUEN

Abstract. We consider the Picard vector bundles defined over Jacobi varieties.

The rank g + 1 Picard bundle imbeds in the rank 2g Clifford bundle, so

the second order theta functions, viewed appropriately, span the dual of the

Picard bundle over each fiber. We prove a result on the minimum number of

such second order theta functions required to span the whole bundle at each

point. We give an application of using these functions to describe subvarieties

of the Jacobian. There follow comments on which functions we could use, and

generalizations to higher order theta functions.

0. Introduction

Over the Jacobi variety of a compact Riemann surface, there are the naturally

occurring Picard vector bundles. These bundles are derived by considering

sufficiently high symmetric products of the curve, which map to the Jacobi

variety. They reflect many essential properties of the Jacobi variety and of the

curve. However, there is of yet no explicit description of these Picard bundles.

They were initially investigated by Kempf [12], and Mattuck [16, 17]. Gunning

has shown [6] that the rank g + 1 Picard bundle sits inside the rank 2s Clifford

bundle, representing the well-known transformation properties of second order

theta function under half periods. One aim of this paper is to find in some

sense a smaller explicitly describable bundle in which this Picard bundle sits.

We prove a result that there exist 2g+ 1 second order theta functions that span

the dual of this Picard bundle, and that this is the minimum number required.

This implies that the pullback of this Picard bundle under an isogeny of the

Jacobi variety sits inside a rank 2g + 1 bundle which is the rank 2g + 1 trivial

bundle tensored with a line bundle. This result generalizes to the the rank

(d — l)g + l Picard bundle. There follow some comments on whether we can

say which 2g + 1 second order theta functions we can use.
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1. Notations

In this section, we will fix some notations regarding marked Riemann surfaces

and their Jacobians, vector bundles and factors of automorphy, theta functions,

and Chern classes.

Marked Riemann surfaces. Let M be a marked compact Riemann surface of

genus g > 1, represented as the quotient M = M /Y of its universal cover-

ing space M by the group Y of covering translations. As in [7], a marking is

viewed as a choice of a base point zQ e M and a set of canonical generators

Ax, ... , A , Bx, ... , B of the group Y. Then we have a canonical basis of

holomorphic abelian differentials cox, ... , co . Denote by wt the correspond-

ing abelian integrals, viewed as functions on M, that is, wfz) = /zz coi. They

are normalized by wfzf = 0. For each T eY, denote the period of co¡ with

respect to T by coAT), so w¡(Tz) = wfz) + cofT) for all z e M. The peri-

ods are normalized by cofAA) = â'j. Denote by w the vector valued function

with components wi so that w : M —> Cg , and also denote by co(T) the vector

in Cg with components cofT). We have the Abel-Jacobi map

w: M ^ J = Cg/S?,

where / = J(M) is the Jacobian of M with 2f = co(Y) = Zg + SAL8 and Q =

the g x g matrix (ft),--) where cotj = co^Bf. The Jacobian is a principally

polarized variety with an irreducible theta locus.

Vector bundles. Holomorphic vector bundles over M will be described by fac-

tors of automorphy. As in [7], a rank n factor of automorphy o is a holomor-

phic mapjT:MxY^ GL(n, C) such that o(z, ST) = o(Tz, S)o(z, T) for

all z e M and S, T e Y. Precisely, the vector bundle associated to a has

total space

E(o) = ffxC"/H

I
M

with the equivalence relation being (z, c) ~ (Tz,o(z, T)c) for z e M,

T e Y, and c e C". Two factors of automorphy ox, a2 describe the same

holomorphic vector bundle precisely when there exists a holomorphic map

F:M -► GL(«, C) such that F(Tz)o2(z, T) = ox(z, T)F(z) for all z e M

and T e T. This gives the notion of equivalent factors of automorphy. More

generally, a map F : <j, —► o2 of two vector bundles ct, , o2 of ranks n x ,

n2, respectively is given by a map F: M —> Mat(«2 x «,, C) which satisfies

F(Tz)ox(z, T) = a2(z , T)F(z). In particular, a section of a vector bundle o ,
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which is a map s : S —> a , is described by a relatively automorphic function

s: M -> C" for which j(Tz) = o(z, T)s(z) for all zeM and T € T. Such

sections form a vector space denoted by Y(M, a). We will denote the trivial

vector bundle of rank n by Jrn.

As in [6], let Ç, denote the line bundle on M associated to the divisor consist-

ing of the base point of the marking. For any t eCg , pt will denote the flat line

bundle on M with factor of automorphy pt(AA) = 1 and pfB.) = exp2nit].

Similarly, vector bundles over the Jacobian / = Cg /AF will also be described

by factors of automorphy, o : Cg x AF —► GL(n , C) such that o(w , Xx + Xf) =

a(w +XX, Xf)a(w , Xx) for all w eCg and Xx, X2eAF . The total space of the
associated vector bundle is

E(o) = Cg x C"/(~)

I
J

with the equivalence relation being (w , c) ~ (w +X,.a(w , X)c) for w e Cg ,

X e AF, and c eC . For any t e Cg, denote also by pt the flat line bundle

with factor of automorphy pt(X) = exp2ni'qt for any X = p + Qq e AF .

Via the imbedding w: M <-* J, any vector bundle a on J induces by

restriction a vector bundle w*o on M. We know w*pt = pt and w*£ = pfAf

where r e Cg is the Riemann point associated to the marking, and £ is the

theta line bundle defined in the following paragraphs.

Theta functions. For our period matrix Q, and in general any symmetric matrix

with positive definite imaginary part, we define the first order theta function with

characteristics as

8[v | t](w;SX)= ^exp2ni(\'(n + v)Çl(n + v) + '(n + v)(w + x)),

neZs

where v , x, w e Cg . The simple theta function is 8(w) = 8[0 | 0](u;), and its

zero locus is the theta locus denoted by O c J . The dth order theta function

with characteristics is defined as

8d[v | x](w : Í2) = 6[% | x](dw ; d£l).

For v e Zg , this function of u; is a relatively automorphic function for p_£ ,

where ¡A, is the theta factor of automorphy with

<¡;(iü , X) = exp -2ni'q(w + jQq).

In fact 8d[v \ x](w), for v 6 Zf ¡dZg form a basis of Y(J, p_TÇd). Denote

Od[-r](w) = (8d[u | -x](w))u ,    the vector e Crf*.

Then the elements of Y(J, pTÇ ) are exactly 'c-8d[-x](w), for c e C . This

gives a canonical identification

Y(J,p/) = CdS'c-8d[-x](w)~c.
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Define a new notation

8d(c\x)(w;Çi)dâf <c-8d[x](w;Çl),

ig
for c e C , x eCg and w eCg . Note that in this notation, 8d(c | x)(w ; Q.)

is linear in c .

Chern classes. To every rank n vector bundle a over J is associated its total

Chern class

c(o) = I + cx + ■ ■ ■ + cn e H* (J, Z),

where cfo) e H '(J,Z). Definitions and basic properties can be found in

[11].
We now fix some notation regarding the cohomology ring of /. Since an

abelian variety of complex dimension g is topologically a product of 2 g circles,

its cohomology ring is merely an exterior algebra on 2g generators. We can be

more specific in the case of / , a principally polarized abelian variety. In this

case, we have a canonical homology basis

{ax, ... , ag, bx, ... , bg) c HX(J, Z).

That is, if we identify HX(J, Z) = AAF, then ai = 6i and bi = ÍIS¡., where

ôi is the vector in Zg with fth component S'.. Then we have a canonical

cohomology basis denoted by

{xx, ... ,xg,yx, ... ,yg} cHX(J,Z),

where x¡, yt e Hx (J, Z) = Hom(Hx (J, Z), Z) are defined by

xi(aJ) = S'j   and   xl(bf = 0,

y,.(a,) = 0   and   yi(bj) = ôij.

Then the cohomology ring of J is the exterior algebra on these elements:

H*(J,Z) = /\[xx,...,xg,yl,...,yg].

The Chern classes of pt and £ are

c(pt) = l,    c(cl) = l + d

where 8 = [8] = JZf=1 x¡ /\y¡ G H2(J, Z) is the class of the theta locus. This

cohomology class will play an important recurring role. Note also that

8n = n\y^x, Ay, A---AX,. A v. ,
¿^      'l 'l 'n '»

where the sum ranges over all subsets {/,,..., if) c {1, ... , g} ■ So it makes

sense to speak of

n\
— eHin(V,Z).
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2. The bundles x AND x"

Fix a marked Riemann surface M of genus g. We will recall the definition

of the Picard bundles, and we will make precise the definitions of the factors

of automorphy x" and X ■

We know Y(J, ¿) —> Y(M, prÇg) by restriction. We will concentrate on the

maps

T(J,pt_2^)^T(M,ptÇ.2g).

We know from [6] that this map is surjective for each t e Cg. Also, each

Y(J, pt_2r£, ) has dimension 2g and each Y(M, ptÇ g) has dimension g+1.

The Clifford bundle x • We define the factor of automorphy x as follows. The

vector of second order theta functions, 82[2r - t](w), viewed as a vector func-

tion of t, transform in the following manner [6]: for X = p + Clq e AAF,

82[2r - (t + X)](w) = pw(X)pr(X) exp(-ni'q (t + {Qq))X(X)82[2r - t](w),

where xW is a 2g x 2g matrix with ^-components

(1) xWufl = ^+qexpni'p-u.

Define the factor of automorphy x of rank 2g by

Xit,X) = pr(X) exp(-ni'q (t + {Oq))xW

so that we have

ö2[2r - (t + X)](w) = pw(X)x(t, X)82[2r - t](w).

This says 82[2r - t](w) e Y(J, pwx).

We call this bundle x the Clifford bundle. This terminology is chosen because

the collection of matrices xW form a Clifford algebra.

Note that xW as defined in (1) is not quite a factor of automorphy. One

can check that xi^)xi^f) = (-1)V<?2+'^(^(A,) • Also, since xW)vß =

K+2q exP ni '2p -v = S^ ■ I ,we have that * (2A) = Id, the identity matrix.

Recall the notation

82(c | 2r - t)(w) = 'c ■ 82[2r - t](w),

2«
for any c e C    . Then

82(c | 2r - (t + X))(w) = 'c ■ 82[2r - (t + X)](w)

= 'c-pw(X)x(t,X)82[2r-t](w)

= pw(X)'('x(t,X)c)-82[2r-t](w)

= pw(X)82('x(t,X)c\2r-t)(w).

Hence we have

(2) 82(x\t, X)c \2r-(t + X))(w) = pw(X)82(c \ 2r - t)(w),

where /*(/, X) = 'xit, X)~   is the dual factor of automorphy.
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The bundle x* • F°r any X e AF, define hx(w) = exp2ni'q ■ w, a function

of w e Cg . This gives a nonzero section hx(w) e Y(J, pf), and exhibits the

isomorphism J2" = px . We obtain from this isomorphism the natural identifi-

cation
J-l  T £2\      xhAw)     -ri  T ïA\
YiJ> Pt-iA ) —r^ rry> pt+x-2¿ )•

This is natural in the sense that for
-,      xh, (w) -,      xh, (to) -,

nj, pt_2rñ^—>nj, Pi+Xi_lA2)-^Y(j, pí+Xí+X2_2¿2),

we have that

hxi+x2iw) = K(w)hXi(w).

Hence for each teCg , {Y(J, pl+À_2rÇ2)}Xe^ are all naturally identified. Then

we can form a rank 2g vector bundle over / = Of ¡AF whose fibre over / is
2 2

T(/ -, Pt-2r£ ) ■ Precisely, the total space is JJ,€y H/ > Pt-2^ ) • We now snow

that this bundle is actually E(x*). The total space is really

\\txT(J,Pí_2¿2)l(~),
1<ECS

where (t, fi(w)) ~(t + X, hfw)fi(w)) for fi(w) e Y(J, pt_2rcf). So for any

ceC2 ,

(t, 82(c\2r-t)(w))~(t + X, hfw)82(c\ 2r-t)(w)).

The right-hand side equals 82(x*(t, X)c\2r - (t +X))(w) by noting that hfw)
2 2s

= pw(X) in (3).  Using the canonical identification Y(J, pt_2r¿l ) = C   , we

e 2g *
have that the total space is C x C /(~), where (t,c)~(t + X,x it, k)c). By

our discussions on factors of automorphy, this means that our vector bundle

has factor of automorphy x* >

E(x*) = ]\T(J,pt_2rc:2).
teJ

The Picard bundles x" and their duals x" • We now discuss the Picard bundles

x". These rank n vector bundles, where n > g, are defined in [7] via the

generalized theta functions, 8"(t, z) for i= 1, ... , n, which are functions on

Cg x M. The essential property is that for each t, as functions of z,

8nl(t,z)eY(M,ptC+s~x)

form a basis of this «-dimensional vector space. And as a function of t,

8n(t + X,z) = pw{z)(X)xn(t,X)8"(t,z),

where 8"(t, z) is the obvious «-dimensional vector. This defines x" as a

factor of automorphy of rank n, for each n > g. Now, using the natural

identifications

iw, Ptrg-1) -^ä y(m, Pt+xc+g-y),
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we can form a vector bundle of rank n over J with total space

Urw.^r*-1).
teJ

This bundle is actually E(x"*) by applying an argument similar to the argument

above for E(x*) ■ In particular, we will concentrate on the case n = g + 1 ; we

have

Eixg+l*) = unM,P¿2g).
teJ

Now, the map Y(J, pt_2rÇ2) —► T(M, ptÇ2g) is given by the restriction map

82(c | 2r - t)(w) h-> 82(c \ 2r - t)(w(z)). Then the following diagram is clearly

commutative.
TV 1      „ <K2\ xhAw)        r-/ j      „ pl\

T(M,Ptc2g) Ä r(M,Pl+xc2g)

so that we get a map of vector bundles

Ur(/,p,_2/)-]Jr(A/,p,i2*).
teJ t€J

That is, we have
*        g+i*

X   ^X        ■

This is a surjective map of bundles since it is surjective on each fiber.  Then

equivalently, we have an injective map of vector bundles

s+i
X      ^X-

This was proven in [6] via a different method.

Now,  x"    is also well known in another form.   Let N = n + g - 1 , and

denote M[    = the A/-fold symmetric product of M.  It is well known that

there is a one-to-one correspondence

(3)
PY(M, PlCN) - {(z, ,...,zN)e Mm : t = w(zx) + ■■■ + w(zN) e J},

fi(z) - Div(/)

Thus

PE(x"*) = M[N]

Ï
J,

where M[ —► J is a classically studied projective bundle. In fact E(x"*) is

the canonical lift of this projective bundle to a vector bundle that Mattuck and

Kempf refers to as the Picard bundle. We will for some consistency reason

instead refer to x" as the Picard bundle.
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It is worth taking a little time to explain why our bundle x" is the same

vector bundle Mattuck constructed in [17] since we will be using his calculation

of its Chern classes. In general, given a projective bundle, the isomorphism class

of a lift of this projective bundle is determined by a codimension one divisor

on the total space of the projective bundle which happens to be the Chern class

of the resulting universal line bundle. The divisor class specifying the lift that

Mattuck constructed is what he denoted as X[p0],

X[Pq] = {P0 + z\ +-h zN_x e M[N] : z¡eM arbitrary} c M[N].

where p0 is the image of the base point z0 in M. The universal line bundle

on PE(x"*) is the dual to the line bundle whose fiber over [/] 6 PY(M, ptC, )

is the line spanned by / e Y(M, ptÇ ). We can give a section of the uni-

versal line bundle as follows. For any [f] e PY(M, ptÇN), define s([f]) e

Hom(Span{/}, C) by

si[fi]):fi"fiiZf).

We have to check that this is well defined. This is clearly independent of the

choice of the representative f e [fi].   More importantly, we have identified

Y(M, ptCN) x^(z)) Y(M, pl+xCN), so that fi(z) corresponds to hx(w(z))f(z).

Then all we need is that fi(z0) = hx(w(z0))f(z0), which is indeed true since

w(Zf) = 0 and hx(0) = 1 . The zeroes of this section 5 is precisely where

fi(zf) = 0. This happens precisely when the divisor of /, viewed as a divisor

on M, contains p0 . We have

Zero(s) = {/: Div(/) = p0 + z, + • • • + zN_x).

This gives the Chern class of the universal line bundle. By the identification (3)

of PE(x"*) with M[N], we see that Zero(s) = X[p0] exactly. So indeed, the

vector bundle x"    is precisely the one Mattuck dealt with in [17].

Mattuck computed the Chern classes of x"    to he

ci(x"*) = (-l)i[Wi]eH2i(J,Z),

where Wi = the image of M[l] in J . We know [WA\ = 8'/il. Hence

cixn*) = i-e + ̂ --+i-i)8Ç
z. g.

which we can write simply as

c(x"*) = e~6 e H'(J, Z).

Therefore the Chern class of the dual vector bundle is

c(xn) = ee = l+8 + Ç + --- + ̂ .

Note that c(x") and c(x"*) are independent of n.
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3. The bundles x and x" and certain pullbacks

In order to study the question of how many second order theta functions

82(c \2r-t)(w(z)) it takes to span Y(M, pfA, g) for all /, we need to study the

pullbacks of the Clifford and Picard bundles under the doubling map m: J' *->

J. The reason, as we will see later, is that the span of a second order theta

function will not form a line subbundle of the Clifford bundle unless we we pull

back by this map.

For any bundle « on J, denote its pullback by tj = m*t]. The bundle tj

has fiber at t e J given by

E(rj)t = E(t])2t.

In terms of factors of automorphy, we have that

rj(t, X) = t](2t, 2X).

Note that m isa finite covering map of degree 22g .

The induced cohomology map. It is easy to see that the map m takes each

canonical 1-cycle to twice itself, so

mta¡ = 2aj   and   mfbi = 2b¡.

This implies that the induced map on the first homology groups

mt:Hx(J,Z)^Hx(J,Z)

is multiplication by 2 . Since H (J, Z) = Hom(Hx(J, Z), Z), we have that

m*: HX(J, Z)^HX(J,Z)

is also multiplication by 2 , so

m x( = 2xi    and    m yi = 2y,.

In particular, we have that

g g

m* 8 = J22x,A 2y, =4 J2 xiA y i= 4e ■
(=1 ;'=1

Note that m* : H*(J, Z) —► H*(J, Z) is an injective ring homomorphism.

The bundle x • Now consider the vector bundle x ■ Its pullback via m has

factor of automorphy

X(t, X) = xi2t, 2X)

= pr(2X) exp(-ni '(2q)(2t + \Q.2q))x(2X)

= p2r(X) exp 2(-2ni 'q(t + x2£lq))ld

= p2r(X)¿;(t,X)2ld,
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where Id is the 2s x 2g identity matrix. Thus * is a scalar bundle with

x=^p2re
;=i

as bundles on J . Then the Chern class of this bundle is

2g

c(x) = \~[c(p2rtl2) = (l+2df,
;'=i

by using the formula for the Chern class of a direct sum and the fact that

cip2r£, ) = I +28 . By using the formula for the Chern class of a dual, we have

that c(x*) = (l - 28)2g. This proves

Proposition 1. We have isomorphisms x — P2& ~*2* and X* = P-2r^~2^2g •

and so their Chern classes are

c(x) = H+2df,    c(?) = (l-20)2\

Next we wish to calculate c(x). We need the following proposition.

i      28 *
Proposition 2. // makes sense to write (1 + ^8)    e H (J, Z).

Proof. We have the expansion

Instead, we can write

1+^)!'=1+>2^+±m^+..+ir

1+>sf = 1+i^,+*(fi£+...+#!pi;)î;.?±(2 \ai
22\2J2\

[k(J ,Z). E

k\ (2k\      k\2g(2g-l)---(28-k+l)

We know that 8k/k\ e H2k(J, Z). But the coefficient of 8k/kl is just

kf(2K\
2k 1 • 2 • ••k

2?(2?- l)---(2i-A:+ 1)

2k

Ifl/which is clearly an integer for 1 < k < g . Thus indeed (1 + \8)    e H (J, Z)

as claimed.

Now, since m*8 = 48 , we have that

m*((l + \df) = (l+28f=c(x).
im2s

But we know that m*c(x) = c(x), so m*(c(x)) = m*((l + \8)   ). Since m* is

2<
i      2

an injective homomorphism, we must have that c(x) = (1 + j8)    . This proves

the following.
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Proposition 3. The Chern classes of x and x* are

c(x) = (l + {-8f ,    c(x*) = (l-\df .

The bundle x* • Recall that E(x*) was constructed as ]\t€J T(pt_2rÇ ) with

the r

that

2 2
the natural identifications T(pt_2r£, ) = r(pt+x_2r¿; ) for X e AAA?.  It is clear

£(**) = U r(p2t_2/)
teJ

2 2
with the identifications r(p2(_2/.<^ ) = fA(p2t+2X_2r£, ) for X e A?. Now for a

2s
fixed nonzero c eC   , consider the one-dimensional subspace described by

Span{02(c | 2r - 2/)(w)} c r(p2/_2r¿;2)

as t varies. Let X = p + Çlq e A? . We have from equation (2) that

pw(2X)82(c | 2r - 2t)(w) = 82(X*(2t, 2X)c \ 2r - 2(t + X))(w).

But from previous calculations, we know that

X*(2t,2X) = p_2r(X)c;(t, X)-\d.

Hence we have

(4)     p_2r(X)c¡(t, X)~282(c | 2r - 2(t + X))(w) = h2X(w)82(c \ 2r - 2t)(w).

The natural identification of

TÍP2<-2¿2) = YiP2,+2X-2A2)

identifies 82(c \ 2r-2t)(w) with h2X(w)82(c \ 2r - 2t)(w). Thus under this

identification, 82(c \ 2r - 2(t + X))(w) and 82(c \ 2r - 2t)(w) differ only by a

scalar factor of p_2r(X)Ç(t, X)    . In particular, this implies that

Span{6>2(c | 2r - 2í)(i<j)} = Span{82(c \ 2r - 2(t + X))(w)} ,

and hence we can say

]J Span{02<c | 2r - 2t)(w)} c ]J T(p2t_2fi2).
teJ teJ

This defines a new line subbundle of x* which we shall denote by p*. This

proves

2g
Proposition 4. For each nonzero vector c e C   , we can define a line subbundle

P*c ■-► X* by

E(p*c) = U Span{02<c | 2r - 2t)(w)} c E(X*)
t€J

These line bundles p* are useful in studying questions about the behavior of

second order theta functions when restricted to the curve M. In this case the
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relevant map is p* —► x8+l > which comes from the composition p* <-> x* —*

Xg+X   . Here, by reasoning similar to the discussion on x*, we have that

E(xg+X*) = L\T(M,p2tc:2g),
t€J

and we have _

c(xg+   ) = e     .

For instance, suppose we are interested in the interplay of some basic second

order theta functions {82(ci \ 2r-t)(w)}"=x when restricted to the curve M as

t varies. We can consider 82(ci \ 2r-2t)(w) without changing the question.

We would look at the map

(5) p*c @---®p*c -^X8+[*

of vector bundles over J . It is clear that the image of this map on each fiber is

Span{02(c,. | 2r-2t)(w(z))}"i=x c Y(M, p2fi2g),

so we have the following remark.

Remark 1. The restricted second order theta functions

{02<c,.|2r-2/)Mz))},.=1.„

are linearly independent for a fixed t if and only if the map (5) is injective at

t. And {82(ci | 2r-2t)(w(z))} span Y(M, p2fi2g) for a fixed t if and only

if the map (5) is surjective at t. Furthermore, {82(c¡ \ 2r - 2t)(w(z))} are

linearly independent for all ieC^ if and only (5) is an injective map of vector

bundles, and {82(cj \ 2r-2t)(w(z))} span Y(M, p2fi2g) for all teCg if and

only if (5) is a surjective map of vector bundles.
■yg ^ _2

Propositions. For any nonzero c eC   , we have an isomorphism pc = p_2rÇ,

and so the Chern class of p* is c(p*c) = 1 - 28.

Proof. Identify
Span{Ö2(c | 2r - 2t)(w)} = txC

by identifying 82(c \ 2r - 2t)(w) <-» t x 1 . Then

E(p*c) = U Span{02(c | 2r - 2t)(w)}/(~) = ]} t x C/(~),
ígcs tecg

where we want (t,ad2(c\2r-2t)(w))~(t + X,h2X(w)ad2(c\2r-2t)(w)) for

t eCg , aeC, and X e A2f . By equation (4), this is actually

(t, a82(c | 2r - 2t)(w)) ~(t + X, p_2r(X)c;(t, X)'2a82(c \ 2r - 2t)(w)).

By our identifications, this becomes (t, a) ~ (t + X, p_2r(X)Ç(t, X) a). Hence

the factor of automorphy of p* is p*(t, X) = p_2r(X)t;(t, X)~2 , which was to

be proven.
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* 2
Remark 2. We see that the factor of automorphy pc is independent of c e C .

That is, all the different p* are isomorphic as vector bundles.

2s *
Remark 3. For any choice of a basis cx, ... , c2g of C   , the map pc © ■ ■ • ©

p*   —► x* is an isomorphism.

The notation p* was chosen so as to be consistent and suggestive. The dual

map of the injection p* <-» /* is the surjection x —* Pc, where pc is the dual

line bundle of p*. This dual bundle has Chern class c(pf) = I +28 .

4. The objective

We now deal with the problem of how many basic second order theta func-

tions of the form 82(c \ 2r - t)(w(z)) does it take to insure that they span

r(prC2*) for all t.
It would be nice but not very interesting if the job could be done with just

g + 1 of them. At any fixed t0 e Cg, we can certainly find g + 1 vec-

tors c,, ... ,cg+x e C such that {82(c¡ | 2r- tf)(w(z))}g*x is a basis for

Y(p, Ç2g). However, this choice of g + 1 second order theta functions might

not be a basis of Y(p(C, g) for some other values of /. In fact we have the

following.

2s
Proposition 6. For any choice of cx, ... , c +xeC   , let

X = {teCg: Span{82(Cl \ 2r - 2t)(w(z))}8^ ¿ Y(p2¿2g)}

be the subvariety where these restricted theta functions fail to form a basis. Then

viewing X e J, we must have either X = J or [X] = (2g - 2)8 e H2(J, Z).

In particular, X cannot be empty for g > 1.

Proof. Let p* = p* © • • • © p*    . Then X is precisely the degeneracy locus of

the map p* —> xg+1   ■ We will apply Porteous' formula, as stated in [2] or [4].

Each irreducible component of X = Xg(p* —► xg+X ) has dimension at least

dim J - (g + I - g)(g + 1 - g) = dim J - 1 = g - 1 . If X is either empty or

dimX = g- l,then [X] = A, <x(c(xg+x*)/c(p*)). We have

c(xgri*)/c(p*) = e-4e/(l-28)g+x

= e-4e(l+28 + 48 + --- + 2g8g)g+l

= (l-48 + ---)(l + (2g + 2)8 + --f

= l + (2g-2)8 + --- ,

so that [X] = (2g - 2)8 in this case. Otherwise, X has a component of

dimension greater than g - 1, which must necessary be of dimension g . Since

J is an irreducible space, this forces X = J . This completes the proof.
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Remark 4. For genus g = 1, we have 2s = 2 = g + 1 so that the Clifford

bundle x a°d the Picard bundle x8+ are the same bundle. In this case, any

two linearly independent cx, c2 would produce two 82(c¡ \ 2r - t)(w(z)) that

span Y(M, ptÇ ) for all t. Clearly this must be the case since M = J in genus

1.

Remark 5. For genus g = 2, we have 2g = 4 and g + 1 = 3. So we know

we can find 4 vectors c,, c2, c3, c4 such that {82(ci \ 2r - t)(w(z))} span

Y(M, pfA, ) for all /. This is in fact the minimum number since by Proposition

6 we know it cannot be done with g + 1 = 3 .

In fact for genus g > 1 , these restricted second order theta functions inter-

play much more. The next theorem says that any choice of two such restricted

second order theta functions cannot be linearly independent for all /. There-

fore, a priori, we see that g + 1 of them cannot hope to be linearly independent

for all t.

2s
Theorem 1. Assume genus g > 1 . For any two vectors, c,, c2 e C , there exists

some t0 e Cg such that

82(cx | 2r - tf)(w(z))   and   82(c2\2r - tf)(w(z))

are linearly dependent as functions of z e M.

Proof. Assume cx, c2 are linearly independent, for otherwise there is nothing to

prove. The two corresponding theta functions describe a subbundle p* ®p* <->

X*, which for simplicity we will denote by p*.  The restriction of the theta

functions to M yields the map p* -» x8+^ ■ Suppose by contradiction that

for all tf , 82(ci \ 2r - tf¡(w(z)), i = 1 , 2, remained linearly independent. By

remark 1, this is equivalent to saying that the above map is injective. Then we

have an exact sequence

o-^-^'-Q-o

of bundles over J . Since Q has rank g + 1 - 2 = g - 1, its gth Chern class

must be zero. We know that c(p*) = (1 - 20)2 and c(x8+X ) = e~    , so that

c(Q) = c(p*)/c(xg+r)

= e~48/(l-28)2

= e-4e(l+28 + 482 + --- + 2g8g)2
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So the gfh Chern class is

k=0

g

(g-k + l)(28)
g-k

= E^±1(-2)A:(2öf

(6)

k=0

= (28g)

= (28g)

= (28s)

k\

Jfc=0 k=0

\g      £-' fc-1        1ii±^pAfEi^i±l+2±{.2)
6' k=o k=\ K ''

g]-

™i+(s+3,E^

k=0 fc=0

S-l ,    -.xfc'

«(20*)

But c (Q) = 0. So we must have

iSAl)(-2)g

k=0

i-i /_2^
o-stLa=a. + te+3)E^

Then necessarily,

(7) ^-to + J)
O *

fc=o

Ci(-2¿
^    jfc!

I fc=0

Now, the series ]C£to ^^- converges to e" . The fact that it is an alternating

series whose «th term decreases in absolute value for n > 2 implies that

M-2)'E
Jfc=0

fc!

,«+i
<

(« + !)!
for   n > 2

Then by the triangle inequality,

and so

e      -

,n+l

¿-    Jfc!
A:=0

,«+1

<
(« + !)!'

-2 2
C - -.-—  < y (-2)*

¿^    k\
k=0

(n+l)\

So in the case g > 3, by taking n = g - 1, we have

for   n > 2.

£ (-2)*

fc=0

>c    —r-
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Continuing from equation (7) and then applying this inequality, we have

2s(g+l) = g\(g + 3) g (-2)*
^   k\
k=0

>g'Ág + 3)[e
g]-

>g\(g + 3)e ¿-2g(g + 3),

Then

and so

2g(2g + 4)>g\(g + 3)e'

2g + 4  2      g\_

g+ 3      ~2g

Using ^j < 2 and c < 3, we have

il
2s < II

But this is impossible for g > 7 since ^ is an increasing sequence for « > 2,

and already for n = 1, ■£=/'• 720/128 > 7 • 5 > 18. To complete the proof by

contradiction, we need to show that the relation c (Q) = 0 is impossible also

for g = 2, 3, 4, 5, 6 . But from (6), we have

fc=0

g-k+l
k\

t   ifon\g    s-gx-ig-k+l)       k   (28)g
(-2) (28) =2^-^-(-2)    -rr>

k=o g'

which by arithmetic yields the following:

g = 2

g = l

g = 4

g = 5

g = e

c2(Q) = 2.£f,

cfQ) (29)'
3!'3\

"si

c6(Q) = m-£f.

cAQ) = 24-£f,

cs(ß) = 128-^i-,

This completes the proof.

5. Main theorem

The question of exactly how many restricted second order theta functions

82(c | 2r - t)(w(z)) it takes to span Y(pttfg) for all t e Cg was completely

answered in Remarks 4 and 5 for genuses g = 1 and g = 2. We now deal with

the problem for g > 2. For this purpose we study the map Y(J, pt_2rC ) —*

T(M, ptÇ2g) more closely.
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For each teCg , let A(t) c C2* be the kernel of

r(j,pt_2/)^Y(M,ptc2g).

2 2g
That is, by using the usual identification of Y(J, pt_2rÇ ) with C   , we have

A(t) = {ce C2' : 82(c \ 2r - t)(w(z)) = 0 in z}.

Since the above map is surjective, the dimension of each A(t) is 2g - (g + 1).

Clearly, the collection {¿1(0} forms an analytic family of linear subspaces of
2s s

C     indexed by teQA. Since

82(c | 2r-t)(w(z)) = 82(x\t, X)c \ 2r - (t + X))(w(z)),

it is clear from the definition of A(t) that

(8) ceA(t)    if and only if   **(r, X)c e A(t + X).

Another way to consider these A(t) is the following. Let 3AA be the vector

bundle which is the kernel bundle of the surjection x   -* X8+    > so

o-^-/-/+1*-o.

Then the total space of X, viewed as a subset of E(xf), is exactly

E(StA)= Ip(0/H,
«€C*

where the equivalence (~) is that of

£(/) = C*xC2V(~),

namely,   (t,c) ~ (t + X, /*(£, X)c).   From this viewpoint, it is also easy to

deduce (8).

We are interested in the "orthogonal complement" A(t)    which is taken with
2s

respect to the symmetric inner product on C   .To be precise, we have

(9) A(tf = {a e C2* : 'a ■ c = 0 for all c e A(t)},

-L 2g
so A(t)    is a g + 1-dimensional subspace of C   .

Note that when we say "orthogonal", it is with respect to this symmetric

bilinear form and not the Hermitian one; the reason is that we wish to keep all

relations holomorphic.

Proposition 7. For any X e Af?, we have

ceA(f)L   if and only ifi ^(i, X)c e A(t + X)1'.
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Proof.     We have the following equivalences:

ceA(tf o'c-a = 0   (for all a €¿(0)

o'c-a = 0   (for all x*it, X)a e A(t + X))

«*■ lc-x*it,X)~xa = 0   (forallfle^(r-f-A))

<* 'c-'xit,X)a = 0   (forallfl€^(i + A))

o'(x(t,X)c)-a = 0   (forallae^i + A))

o Xit, ^)c € A(t + Xf .

Corollary. For any X in Az?, we have

A(t)1- =A(t + 2Xf
2s

as g + I-dimensional subspaces of C   .

Proof. We know from Proposition 7 that c e A(t)'1 if and only if xit, 2X)c e

A(t+2X) . But since xit > 2X) is a scalar matrix, we have that /(/, 2X)c e A(t)'1

if and only if c e A(t + 2X)± . This completes the proof.

Now we define

(10) B = \jA(tf,        teCg.

By the above corollary, we can write this as

B = [jA(2t)±,        teJ.

2g
Lemma 1.  B is an analytic subvariety of C     of dimension at most 2g + 1.

Proof.   It was already noted that {A(t)} form an analytic family of subspaces.

This means that {A(t)J~} is also a family of subspaces that vary analytically

with t, as is easily seen through their definition (9). Now, for each t e Cg , we
j_ 2!

can view A(2t)   c / x C     so that we have

| Afltt cCsx C2*.

«ec«

By the above corollary, we have

11^(2^ C./xC2\
teJ

We can therefore define a new vector bundle A38 by

E(A%) = \\A(2tt
t<EJ

Here â§ is a vector bundle of rank g+l over /, and we have E(â§) C E(^f2f),

or AA% <—► S2z.   Also note that E(3§)  has dimension 2^+1  as an analytic
2g 2g

subvariety.   It is clear that B = p2(E(£$))  where p2: J x C    -* C     is the
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2s
projection onto the second factor. Now, for any compact set K c C , we have

that its inverse image is p2x(K) = J x K, which is clearly compact since J is

a compact space. Hence p2 is a proper map. Then we may apply the proper

mapping theorem which states that the image of an analytic subvariety under

a proper map is again an analytic variety. Therefore B is an analytic variety.

Furthermore, the dimension of B can be at most the dimension of E(3§),

which is 2g + 1 . This completes the proof.

The following elementary proposition, whose proof we shall omit, will be

used in the proof of the next lemma.

Proposition 8. Let X and Y be two linear subspaces of some complex vector

space C   . Then

X + Y = CN   if and only if  ^nr^ (0).

2g
Lemma 2. Let c,, ... , cm e C . Then {82(ci \ 2r-t)(w(z))}i=x m will span

Y(M, pfA, g) as functions of z for all t e Cg if and only if

(Span{cx,...,cm}fnB = {0}.
2g

Proof. We first show the first implication. Suppose cx, ... , cmeC are such

that {82(cj \2r-t)(w(z))) span T(ptA,2g) for all teCg . Fix any t. For any

ceC2S, we have 82(c | 2r - t)(w(z)) e T(ptIA2g). Then

m

82(c\2r-t)(w(z)) = YJocl82(ci\2r-t)(w(z)),

«=i

as functions of z , for some constants q( e C. This means that

82(c-)Zalci\2r-t)(w(z)) = 0,

for all z . Thus c - £ a¡c¡ e A(t). This means that

ce^(i)-r-Span{c(}.

2*
Since c eC    was arbitrary, then

A(t) + Span{cJ = C2*.

By Proposition 8, then we have

A(tf nSpan{c.}-"- = (0).

Since this is true for all fixed t, we have that \JA(t)± n Spanjc^}"1 = (0), or

ßnSpan{ci}± = (0).

Now we prove the converse.  Suppose B n Span{c(.}    = (0).  Then for any

fixed í e Cs , we have A(t)1 nSpan{cfJ~ = (0). By Proposition 8, then we have
2g 2s

A(t) + Span{c(} = C   . Now, take any element in Y(ptC,   ) ; it is necessarily of
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2g
the form 82(c | 2r - t)(w(z)), for some c e C . Then c e A(t) + Span{c;}

implies that c = a + c , for some a e A(t) and c e Span{c,} . Then

82(c | 2r - t)(w(z)) = 82(a \ 2r - t)(w(z)) + 82(c \ 2r - t)(w(z)).

But a e A(t) implies 82(a \ 2r - t)(w(z)) = 0 in z . Hence

82(c | 2r - t)(w(z)) = 82(c \ 2r - t)(w(z)).

Thus any element in Y(ptÇ 8) can be written as 82(c \ 2r - t)(w(z)) for some

c e SpanjcJ . This means that {82(ct \ 2r - t)(w(z))} span Y(plÇ2g). Since

this is true for any t eCg , the proof is complete.

We now state and prove our main result on the number of restricted second

order theta functions it takes to span Y(ptÇ2g) for all t.

Theorem 2. For genus g > 2 :

(1) There exist 2g+l vectors cx,c2, ... , c2   , e C    such that for all t eCg ,

{82(ci \2r-t)(w(z))}i=x.2g+} span Y(M, pt(2g) as functions of z ;

(2) and 2g + 1 is the minimum number necessary.
2s

Proof. (1) By Lemma 2, we need to exhibit cx, ... , c2    , e C     such that

Span{c1? ... , c2g+x}nB = (0).

Note that because B is the union of linear spaces, B has the property that for

any b e B , we also have ab e B for any aeC. That is, B is a cone. Denote

the standard map from C2" \ (0) to CP2*"1 by
7s 7g—l

n:C   \(0)^CP       .

Then denote PB = n(B \ (0)). By Lemma 1, B is an analytic subvariety of
2s 2g—\

C . Then PB is also an analytic subvariety of CP . The fact that B is a

cone means that n~ (PB) = B \ (0). This implies that

dim PB = dim B - 1.
2g — 1 £

Now, a generic linear subvariety of CP of dimension less than 2s - 1 -
2s

dim PB will not intersect PB . That is, for a generic linear subspace X c C

of dimension 2g - 1 -dimP#, PX = 7t(X\(0)) c CP2"-1 will have dimension

2g - 1 -dimP5- 1 and so

PX n PB = 0.

This means that X n B = (0). Pick in particular one such subspace X of

dimension 2g - 1 -dimPß . Let W = XL . Then W1 = X so that W±nB =

(0). But dim W = 2g - dim A' = 1 + dim Pi? = dim B . Hence we can express
2s

W = Span{c,, ... , cdimB} , for some choices ct■ e C . Since dimB < 2g + 1

by Lemma 1, we can write W = Span{c, , ... , c2g+x). Then

Span{cx,...,c2g+x}±nB = (0).

This completes the proof of part (1).
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(2) If it were possible for cx, ... ,cm to satisfy the theorem for m < 2g,

then trivially it could be done with m = 2 g. Hence to show that 2g + I

is the minimum necessary, we only need to show that it is not possible for

any {cx, ... , c2 } to satisfy the theorem. Suppose by contradiction that there

do exist  {c,, ... , c2 }  that satisfy the theorem.   As in Proposition 4, any

82(c | 2r - 2t)(w) picks out a line subbundle p* of x* • Following the idea in

Remark 1, consider the vector bundle of rank 2g,

2g

(ii) / = ©/v
1=1

so

EiM) = II Í ©Span{02(c(. | 2r - 2t)(w)} j /(.

Look at the map

P -^x8

which on each fiber is the linear map

2g

©Span{02(c,. | 2r - 2t)(w)} - Y(p2tC8)
k2s,

opaiivr72^(. | ¿.r - z.i]\w)j -n \p2^

i=l

given by the restriction

02(c(. | 2r - 2t)(w) » 82(ci \ 2r - 2t)(w(z)).

The assumption that {02(c. | 2r-2t)(w(z))} spans Y(p2lÇ2g) for every t e Cg

means that this map of bundles is surjective on each fiber. Hence we have a

surjective map of vector bundles p* —> xg+]   ■ This is equivalent to having an

injective map of the dual bundles xg+l —* M ■ Let Q be the quotient bundle.

So we have an exact sequence

(12) o-^-zi-iß-O.

Now, Q is a bundle of rank 2g - (g + 1) = g - 1. Hence its gth Chern class

cg(Q) must be zero. Now we compute the Chern class of Q. From (12) we

have that

c(Q) = c(p)/c(x^x).

We know from previous discussions that c(xg+X) = e4e . From (11) we see that

c(p*) = n,fi CÍP* ) » which by Proposition 5 implies c(p*) = (1 - 28)2g . Then

we have that c(p) = (1 + 28)2g . Consequently, we arrive at

c(C2) = (l+20)2Vc40 = (l+20)2^-4e.
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Then the gth Chern class of Q is

(-40)"

= E 2g\(-2)*(20)*(20)J'

j+k=g v J '

j+k=g

ne* Y* (2g)! (-if
1    '  ¿0ig-k)\(g + k)l    k\

(20)g   *     (2g)\      _g!_*

S¡    t^(g + k)\(g-k)lkl[   L)

(28)gg     (2g)\   fg\        k
gx.    tfig + k)\\k)(   l)  ■

Since cg(Q) = 0 and &f ¿ 0 e H2g(J, Z) = Z, we must have

f J2gV_(g\       k
2fQ(g + ky\k)[ ¿)    u-

Separating out the terms for k = g and k = g - 1 , we have

(-2)* + (2,),(-2)'- + g J^j (*) (-2)" = 0.

Note that for k = 0, 1, ... , g - 2, we have that g + k < 2g - 2 and thus

(2s-1)   divides   ^i2^.

This implies that

(2,-1)   divides    £^(f)(-2>\

and so we must have that

(2*-1)   divides   (-2)g + (2g)g(-2)g~x,

which is the same as

(2s-1)   divides   (-2)^'(-2 + 2s2).
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Since (2g - 1) is an odd number, we must have that

(2s-1)    divides    (2^-2).

Note 2g2 - 2 = g(2g - I) + g -2. Consequently, it must be true that

(2s-1)   divides   (g - 2).

But since we are assuming that g > 2, we have that both (2s - 1) and (g - 2)

are positive numbers with (2g - I) > (g - 2). So it is impossible to have that

(2s-1) divides (s-2), and we have arrived at a contradiction. This completes

the proof of the theorem.

6. One application

As one application, consider the subvariety of special positive divisors in /,

W" = {teCg: dirnT^C') > n}/3>.

Gunning has shown in [6] and [7] that they can be described by

(14)
K-2~a = {teCg:rank{82[v\2r-t](w(aj))}l/eZg/2Zg.j=x     m <p}/A?

for any distinct points ax, ... , ame M and where a = w(af) -\-h w(am).

Theorem 2 says that we can replace this with

2s
Theorem 3. There exist cx, ... , c2   , e C    such that

K-i~a = {teCg:rank{82(ci\2r-t)(w(aj))}l=x<...,2,+1;j=1,...>w <p}/^

for any distinct points ax, ... , ame M and where a = w(ax) -\-+ w(am).

2g
Proof. By Theorem 2, take cx, ... , c2g+x e C    such that

{82(C¡\2r-t)(w(z))}2gJl

spans Y(ptÇ g) for each t e Cg.   This means that for each t, the span of

{82(cj | 2r - t)(w(z))}igx+   is the same as the span of

{82[v\2r-t](w(z))}v€Zgl2zS,

viewed as functions of z. Considering these two sets as column vectors, this

means that for each fixed t, there is a 2s x 2g + 1 matrix A and a 2g+l x2g

matrix B such that

{82[v | 2r - t](w(z))}v = A {02(C¡. | 2r - t)(w(z))}i,

{02(c, | 2r - t)(w(z))}i = B {82[u \ 2r - t](w(z))}v .

In particular these equations are true for each z = a¡, so we have

{82[u | 2r-t](w(a])))vj = A{82(cl \ 2r - t)(w(aj))}lJ,

{82(c¿ | 2r - t)(w(aj))}ij = B {82[u \ 2r - t](w(aj))}l/j.
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These imply that

rank{02[zv | 2r - t\{w(aA))}vJ < rank{02(c(. | 2r-t)(w(aj))}ij,

rank{02(c,. | 2r - t)(w(aj))}iJ < rank{82[u \ 2r - t](w(aj))}l/J .

Therefore,

rank{02(c;. | 2r - t)(w(aJ))}lJ = rank{82[u \ 2r - t](w(aj))}l/],

and so

{teCg: rank{02(c( | 2r - t)(w(aj)))lj < p)

= {teC8:rank{82[v\2r-t](w(aJ))}v J<P).

Then by equation (14), we are done.

We have replaced the 2g x m matrix with a smaller 2g + 1 x m matrix. In

particular, for m = p = 3, we have W™f2 =WX = M, the image of the curve

in the Jacobian, and so

o
M — a = Wx  —a

= {teC8:rank{82(ci\2r-t)(w(aj))}i=x_2g+x.J=x2:3  <3}/J?.

Therefore M - a, a translate of the curve, can be recovered as the common

zeroes of the (2g^x) = \(4g -g) sets of 3x3 subdeterminants of the 2s+lx3

matrix

{62(ci\2r-t)(w(a]))}i=x_2g+x.^x2,.

It is amusing to note that the description of subvarieties of special positive

divisors in Theorem 3 is reminiscent of the description of tangent cones to the

same subvarieties in KempFs singularity theorem [13]. Both descriptions use

certain minors of a certain matrix to generate the necessary equations.

7. Some comments

One aim of this paper was to find in some sense a small explicitly describable

bundle in which the Picard bundle sits. We can say something about x8+l > the

pullback of the Picard bundle by the doubling map. By Theorem 2, we have

shown that xg+1 sits inside a rank 2s -I- 1 scalar vector bundle,

X. ^ P2r^  ^2g+\ ■

An interpretation of Theorem 2 is that there exists an imbedding

P-2r^      A ^2s+l '

and that ~^„+1 is the smallest trivial bundle we can use. This imbedding is not

unique and depends on which suitable cx, ... , c2    , one chooses.
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It would be nice to know exactly which cx, ... , c2 , we can use in Theorem

2. Handling such a question would involve the study of B as defined in equation

( 10) because by Lemma 2, such vectors are characterized by

Span{cx,...,c2g+x}±nB = (0).

2g
Of course this B c C     depends on M.

2s
Lemma 3. For each M, the corresponding B is an analytic subvariety of C

of dimension exactly 2 g + 1.

Proof. From the proof of Theorem 2, part (1), there exists a linear subspace

W c C2* with dimW = dim B such that W^ n B = (0). Taking W =

Span{c,, ■■■ ,c¿imB}, we have Span{c,, ... , cdimß} n B = (0), which by

Lemma 2 implies that cx, ... , cdimB satisfy Theorem 2, part (1). Since The-

orem 2, part (2) says 2s + 1 is the minimal number, we must have dim B >

2g+1 . Since Lemma 1 says that B is an analytic variety with dimB < 2g+ 1,

we conclude that dim B = 2 g + 1 .

2g — 1
Corollary.  PB is an analytic subvariety of CP        of dimension 2g.

A natural question is what is the cohomology class of PB, that is, what is

its degree b = [PB] e H2i(PlS~x ,Z)SZ, where i = 2g - 2g - I. Thus

to each M is associated this positive integer b(M). It would be interesting

to see if this number varies with M. We can attempt to calculate this number
2g

b = [PB] as follows. Take a generic linear subspace H c C of dimension

2s - 2g, so that X = PH n Pi? is a finite set of points, namely b number

of points. Now recall the bundle A% that was defined in the proof of lemma

1. We have E(ß) c / x C2', so E'Y~3B) C J x PC2*-1 where P^ is the

associated projective bundle. We have p2: E(Pâ§) —► PB, a surjective map

between two compact varieties of the same dimension, 2s, so it is a finite

map. Let d = degree of p2. For a generic H, X will be a generic finite set

in PB and so pf (X) will be a finite set consisting of bd number of points.

Consider X' = px(pf (X)) c J . Note that p, restricted to pfx(X) —> X' must

be a one-to-one map. For suppose p2(t, c,), p2(t, cf) e X = PB n PH. This

means that cx,c2e PA(t)1', which implies that Span{Cj, c2) c PB. Since

Span{Cj, c2) c PH, then also Span{c,, c2) c X. Since X is a finite set this

forces c, = c2. Hence X' consists of bd number of points. Noting that

[one point] = |r, this means

(15) [X'] = bd^eH2g(J,Z),

Now, X' consists exactly of those points / for which H n A(t)1 ± (0). By

the proof to Lemma 2, this is precisely where {02(c | 2r- t)(w(z)): c e H'1}

fails to span Y(M, pf?8). Pick some basis cx, ... , c2    of /L1. Then X1 is
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where the map p* = p* © • • • © p*   —> xg+l    is not surjective. Looking at the

dual of this map, X' is where xg+l —> P fails to be injective. The expected

dimension of the degeneracy locus is dim J - (g + 1 - s)(2s - g) = 0, and X'

has precisely this dimension. So we can calculate the class of X' by Porteous'

formula:

[X'] = A2g_gg+x_g(c(p)/c(fXx))

= AgX((l+28)2g/e46)

= Sthtermof (l+28)2ge~4d

(-40)")
- ? (2f>ey k\

j+k=g

From the calculation in (13), this can be simplified to

,      2g8gJ^   (2s)!   (g\        k

iX]-   s!   tfig + k)l{k){   2)  •

Comparing this equation to equation (15), we obtain that

In particular, we have

Proposition 9. The number b(M) = [PB] divides the number

2gf   (2S)!   (g\,2)k

In particular, there is only a finite number of possible values for b(M), namely

the factors of the above number.

It might still turn out to be the case that b(M) is the same for every compact

marked Riemann surface M.

The vector bundle 3§ seems to be involved in this question. We can say one

thing about this bundle.

Proposition 10.  & = p_2r£,~2 <8> X8+l ■

Proof. By definition, E(ß) = IJy ̂ (20± • since

A(2t) = {ce C2* : 'c • 82[2r - 2t](w(z)) = 0 in z} ,

it is clear that A(2t)± = Span{02[2r - 2/](u;(z)): z e M) . Let A^: x8+1 ^ X

be given by the 2g x g + 1  matrices N(t). This means 02[2r - 2/](iu(z)) =
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N(2t)8g+X(2t, z), where 8g+x(2t, z) is the vector of generalized theta func-

tions. So A(2t)± = Span{N(2t)8g+x(2t, z): zeM}. Since Span{8g+X(2t, z) :

zeM} = Cg+X , we have A(2t)^ = Span{/V(2r)a: a e Cg+X) c C2*. Thus

E(ß) = U N(2t)Cg+X cJx C2*.
teJ

Then p2rÇ  ® AA% would have total space

E(p2re®3§)= JJ N(2t)Cg+X/(-)
tecs

czE(p2rc?®jr2i) = E(x).

The image of x8+l '~t X on each fiber over (eC* is N(2t)Cg+x c C2 , which

is exactly the fiber of p2fA,   ® AÂAA over t.   So we really get a map x8+l <_+
2 -v

p2r<^ ®£@ c x ■ This is necessarily an isomorphism since it is an injective map

between two bundles of the same rank, so we have p2r¿; ®AA8 = x8+l , which

completes the proof.

Using c(p_2lff~ ) = 1-20 and c(x8+x) = e4   and the formula for the Chern

class of the tensor product of a vector bundle with a line bundle, we get

Corollary. The nth Chern class of AAS is

k=0  v '

2g
This completes our discussion on the subvariety B c C    .

Next we wish to consider the set of subspaces Span{c1, ... , c2    x} that sat-

isfy the main theorem. Denote by p' the set of 2s + 1-dimensional subspaces
2s

Y = Span{c,, ... , c2g+x) of C that satisfy Theorem 2. So y is a subset of

the Grassmannian Gr(2g + 1, 2s).

Proposition 11. The set p" is a Zariski open subset of Gr(2g + 1, 2g).

Proof. Denote for simplicity Gr = Gr(2s+ 1, 2g). Of course p~ is nonempty

by Theorem 2. Let 2A = Gr - J^ be the complement of ff . We have to show

that 2A is an analytic subvariety of Gr. By Lemma 2, Y e%A if and only if

F1nB = (0), so we have

2A = {Y: YXDB¿(0)}

= ¡Y:Y±n\J A(2tf¿(0)\

= {J{Y:Y± nA(2tf¿(0)}
t€J

= \J{Y:Y + A(2t)¿C2S}.
teJ
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Consider the set

Z' = U{F: y + ^(2?)^C2i}c7xGr.
t€J

At each point (tQ, Yf) e J x Gr, there is a neighborhood which can be parame-

trized by (t, SpanO^ , ... , y2g+x}), where yx, ... , y2g+x  are vectors in C2*

sufficiently near some fixed basis yx , ... , y2g+x of YQ. And restricting t

close to t0, there exists some parametrization A(2t) = Span{ax(t), ... , aft)} ,

where n = 2g - (g + 1). Then Z' restricted to this neighborhood of (t0, Yf

is exactly where

rank{y,, ... , y2g+x, ax(t), ... , aft)} <2g,

and so 3A' is the set of common zeroes of all the 2g x 2g subdeterminants of

this matrix. This means that locally in J xGr, Z1 is an analytic subvariety, and

hence 2A1 is an analytic subvariety. Note Z = p2(Z'), where p2 : 3 x Gr —> Gr

is the projection onto the second factor. Since J is compact, p2 is a proper

map. Therefore Z, being the image of a subvariety under a proper map, is an

analytic subvariety of Gr. This completes the proof.

Lemma 4. The set %A is the complement of a codimension 1 subvariety in the

Grassmannian Gr(2g + 1, 2g).

Proof. We will be using the fact that the dimension of a Grassmannian Gr(k, n)

is (n - k)k . Let Z be the complement of ff as above. We know that Z is

a subvariety, and that

2A = {Y: Y±nB¿(0)}.

We will count the dimension of Z by counting the number of ways of choosing

Y e Gr(2* -2g - 1,2g). The only requirement is that Y must intersect

B . Since B is a cone of dimension 2s + 1, the number of different ways of

Y intersecting B in a line is of dimension 2s. Having chosen a line L to

be contained in F   , we need to fill the rest of Y    by choosing

Y±/L e Gr(2* - 2s - 2, C2*/X).

The dimension of Gr(2* -2g-2,2g -1) is (2g - 2g - 2)(2g + I). Thus the

dimension of AAZA is

2s + (28 - 2s - 2)(2s +l) = (28-2g- l)(2g + 1) - 1.

Since the dimension of Gr(2s +1,2*) is (2g - 2g - l)(2g + 1), we have that

AA2A is of codimension 1 . This completes the proof.

8. Generalizations

We offer two generalization of the main theorem, one to dih order theta

functions, the other to arbitrary vector bundles.
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Theorem 4. For genus g > 1 and d > 2 :

(1) There exists dg + 1   vectors cx,c2, ... , cdg+x e C     such that for all

teCg, {8d(ci \2r-t)(w(z)))i=l.dg+x span Y(M, pfA,dg) as functions of z ;

(2) and dg + 1 is the minimum number necessary.

Theorem 5. Let sé be a (holomorphic) vector bundle of rank n over a compact

analytic variety of dimension k . Suppose there is an imbedding sai <-+ J^, for

some N > n + k, where ^N denotes the trivial bundle of rank N. Then:

( 1 )  There exists an imbedding s/ «-► *fn+k ■

(2) If in addition the kth Segre class of sé , sk(sé), is nonzero, then n + k

is the minimum number necessary.

Proof of Theorem 4.
( 1 ) The proof is analogous to the proof of Theorem 2 except for some slight

differences. We define a rank dg factor of automorphy Xd as that for which

8d(c \dr-(t + X))(w) = pw(X)xd(t, X)8d(c \ dr - t)(w).

Precisely, we have that for X = p + iAlq e AA£,

Xdit, X) = pr(X) exp ~ 'q{t + lÇlq)Xd(X),

where X¡¡W ls a dg x dg matrix with entries

/i\        si* -2ni t

Its dual x*a has total space

EiXd)=\mpt-d£d)
t€J

with the natural identification of fA(pt_dJA\d) with T(p[+x_drÇd). Yet

A(t) = {ce CdS :8d(c\dr- t)(w(z)) = 0 in z} c &',

which is in a sense the kernel of the surjection Y(pt_dr£?) —* Y(plÇdg). These

A(t) form a family of «5?* - (dg - g + 1 )-dimensional subspaces of Cd   that

vary holomorphically with  t.   Their orthogonal complements A(t)x = {c e
dg     t

C   :   c • a = 0 for all a e A(t)} form a family of dg — g + 1-dimensional
dg

subspaces of C     that vary holomorphically with t. Analogous to Proposition

7 and its corollary, they have the property that

A(t + dXf = A(t)±

for any XeAzf. This says we can define a vector bundle

E'âB) = ]jA(dt)± cJxCdS

teJ
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of rank dg - g + 1 . Note E(A%) is a subvariety of dimension dg + 1. Let

B = \Jt€jAidt)'L c C*. Denote p2: J x Cg -» C* the projection onto the

second factor.  Since p2 is a proper map and ß = p2(E(S§)), then 5 is an
dg

analytic subvariety of C of dimension at most dg+l . Since B is the union

of linear subspaces, it is a cone, that is, b e B implies Cb c B. This allows
dg — 1

us to consider its projectivization PB c CP , a subvariety of dimension

dim B - I < dg. The generic linear subvariety of CP _1 of dimension dg -

l-dg-l will not intersect PB . Let such a linear subvariety be PW c CPd ~x

where W c Cd is of dimension dg - I -dg. The fact that PIF n P5 = 0

implies that Wn/? = (0). Since W    is a dimension dg+l subspace, we can
J- dg

choose a basis cx, ... , cd    , of H7   , for some c;eC    .

Since B = |J,€C* ¿(f)"1 a"d WnB = (0), then IF n A(t)x = (0) for any

fixed teCg. This implies Wx + A(t) = Cd* by Proposition 8. Since

Span{0d(c,. | dr - t)(w(z))}i=x_dg+x = {8d(c \ dr - t)(w(z)f. c e W^}

and

8d(a\dr-t)(w(z)) = 0   for all a e A(t),

then

Span{8d(ci\dr-t)(w(z))}i=x_dg+x

= {8d(c + a\dr- t)(w(z)) : c + a e U/X + A(t) = &'}

= Y(M,ptCdg).

Thus for any t e Cg , the functions {8d(ci \ dr - t)(w(z))}i=x     dg+x   span

Y(M, ptC 8) as functions of z . Hence these cx, ... , cd x are exactly what

we wanted. This completes the proof of part (1).

(2) We have to show that it is not possible with any dg vectors cx, ... , cd   e

dg xd
C    . We consider the map md: J —» /, multiplication by d.

We will denote the pullback of any bundle t] over J via md by r\ = m*dr\.

The induced cohomology ring homomorphism m*d: H*(J, Z) —> H*(J, Z) is

given by  rn*dx¡ = dx¡  and  m*dyi = dy{.    In particular, we have  m*d8 =
2 dg

d 8 . Analogous to Proposition 4, for each nonzero c e C , we can de-

fine a line bundle p* by E(p*) = \},€J Span{8d(c | dr - dt)(w)} c E(x*) =

JJ(gy Y(J, pdt_drt, ). The Chern class of this bundle is c(p*c) = 1 - dd .

We have E(xdg~8+X*) = \\teJY(M, ptCdg) and c(Xdg~8+[*) = e~e. Let

n = dg - g + 1 = rank* g~g+l throughout the remainder of this proof, so

E(F*) = Ut€J T(M, pd!Cdg) and c(f*) = e^6.
dg

Suppose by contradiction that there exist  cx, ... , c.    e C      such that
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{8d(ci I dr - dt)(w(z))}d=x spans Y(M, pdtÇdg) for ail t. This means that

E(p*)t = Span{0d(c. | dr - dt)(w(z))}% - E(f*)t = Y(M, pdtÇdg)

is surjective, where we denote p* = p* © ■ ■ ■ © p*    for simplicity. This means
Cl Cdg

that p* —► x"* is surjective on each fiber, and so is a surjective map of vector

bundles J . Equivalently, this means that the map of the duals, x" -* P is an

injective map. We have an exact sequence

0->?->¿í-»o->0
of vector bundles, where Q is the quotient bundle. Since Q has rank dg -

(dg - g + I) = g - I, its gth Chern class must be zero. Using the fact that

c(p) = (1 + dd)dg and c(x") = cd e , we compute the Chern class of Q :

c(Q) = c(p)/c(?) = (l+ dd)dg/ed2e = (l+ d8)dge-d2e.

Thus the sth Chern class of Q is

(-d28)k
c."

j+k=g v J '

-m'Y.(f)AAt

,wy^ idg)\ i-df
tfig-k)\idg-g + k)\    k\

(d8)g A        (dg)\_s!_(_,f
g\   ¿^'dg-g + k)\<g-k)\V>  u>

(dd)g ¿U     (dg)\
s!
5      k=o

Y-       JdgV-       (g\,   ,f
2-,(dg-g + ky\k)[ a) ■

Since cg(Q) = 0 and ^ / 0 e H2g(J, Z) S Z, we must have that

¿J (¿S - g + k)\ \k)y

Separating out the terms for k = g and k = g - 1 , we get

For /c = 0, 1,... , s - 2, we have that dg - g + k <dg -2 and so
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This implies

and so (ûfg - 1)   divides   (-rf)* + dg2(-d)g~x , which is the same as

(rfs-1)   divides   (-d)g~x(dg2-d).

Since (rfs - 1) and d are relatively prime, this implies

(dg-l)   divides   (dg - d).

Since dg2 - d = g(dg - 1 ) + g - d , it must be that

(dg - 1 )   divides   (g - d).

Since we are assuming g > 1 and d > 2, we have that

|S - d\ < max(g ,d)-l<dg-l.

So the only way that (dg - 1) can divide (g - d) is if (g - d) = 0, which is

S = d. We now consider two cases, according to whether d is even or odd,

and show in each case that we arrive at a contradiction.

First, we take the case where d = g is odd. So «3? > 3 . For k = 0, I, ... , g-

3, we have that

<*-*> **•« ««-fu-
By equation (16), this implies that

(dg-2)   divides   (-¿)g +¿s2(-¿)g~' + 8i8~ l)dg(dg-l)(-d)g~2.

Using d = g ,we can rewrite this as

(¿2-2)   divides   (-d)d(l - d2) + g{g~ X\-d)d(d2 - 1),

or

(d2 - 2)   divides   (-¿OV2 - 1) [-1 + g(g2~1)) .

") 0 2

That (rf -2) and (rf - 1) are relatively prime is clear. Also gcd(d -2,d) =

gcd(-2, d) = 1 since d is odd. This forces

(d2 - 2)   divides    - 1 + d{d~ ^ ,

which is impossible since -1 + didfx) = i(¿/ - 2)(d + 1) is positive and yet

,     d(d-l)     1,2     1,    .      ,2    .
~l + ^irJ- = 2d -2d~l<d -2'

so we have a contradiction here.
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We now take the second case where d = g is even. So d > 4. For k =

0, 1, ... , s - 4, we have that

By equation (16), this implies that

(rfS-3)   divides   (-^)g + ^s2(~^)g"' + 8{g~ l)dgidg - l)(-d)g~2

+ 8Íg-l¡ig-2)dg(dg-l)(dg-2)(-d)g-\

Using d = g, and after some manipulations, we can rewrite the right-hand side

as

(-</)V - D(-l + d{d'l)) - i~d)did2 - l){d-X)[d~2\d2 - 2)
2 6

= \(-d)d(d2 - l)[(d2 - 3)(2 - d1 + 3d - 2) - 2]

= -(-¿/-1 (d 3 *) id2 - 3)(-d2 + 3d) - \(-d)d(d2 -I).

This implies that

(d2-3)   divides   \(-d)d(d2 - 1).

2 2 2
Since d is even, we have gcd(úf - 3, d - 1) = gcd(-2, d - 1) = 1 so that it

must be that

(öf2 - 3)   divides   (-d)d .

Since %cd(d - 3, d) = gcd(-3, d), the only possible prime that divides both

(d  - 3) and d   is 3. This forces

(d  - 3) = a power of 3.

7 7 ~) ")
Since d > 4, we have d  - 3 > 3   and so necessarily 3   divides (d  - 3).

Then 3 also divides d . Let d = 3N, for some integer N . But

d2 - 3 = (3N)2 -3 = 3(3N2 - 1)

implies 3 divides (3N -1) which is clearly impossible.

Having arrived at a contradiction in each of the two cases, the proof is now

complete.

Proof of Theorem 5. Denote the base space by X. We are given that there is

an injection

E(stf)^E(J?N) = XxCN.

( 1 ) Let p2 : E(SN) = X x C -»C be the projection onto the second factor,

and let R = p2(E(sj/)). The fact that s/ is bundle of rank n over an analytic

variety of dimension k implies that E(s/ ) is an analytic variety of dimension

k + n. Since X is compact, p2 is clearly a proper map, so R is an anaytic

subvariety of C    of dimension at most k + n.   The property that R is a
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cone allows us to consider its projectivization PR as an analytic subvariety

of CP ~ of dimension dimR - 1 . The fact that PR has dimension less

than or equal to n + k - 1 implies that a generic linear subspace of CP^- ' of

dimension N - 1 - (n + k) will not intersect PR. Pick some generic linear

subspace K c C* of dimension N - (n + k), so PK c CP^"1 will be of

dimension N - 1 - (n + k) and thus will not intersect PR. This implies that

K n R = (0). Consider the canonical projection map n: CN —► CN/K . Fix an

identification C /K = C"+ . This gives a map of vector bundles J^N —> J^+A.

by

E(SN) = XxCN -12Ï* E{SH+k) = Xx C"+k ,

whose kernel is XxK . We are interested in the composition sé •—> J?N —> ̂n+k ■

On each fiber over x e X, the map is

E(s/)x = RnE(J?N)x^E(Jr-n+k)x,

The kernel is (X x K) n (R n E(J^N)X) = (KnR)n E(JrN)x = (0), so the map is

injective on each fiber. This gives us an injection sé «-► J^n+k , which completes

the proof of part (1).

(2) We now assume in addition that the kth Segre class of sé , sk(srf) e
2k

H (X, Z), is nonzero. Recall that the Segre class is defined as the inverse of

the Chern class. Precisely, we have s(saf) = l/c(s/) e H*(X, Z).

Suppose by contradiction that n + k is not the minimum number required,

so there exists some imbedding srf <-» Sm for some m < n + k - 1 . There is

an exact sequence

O — j/— J? -+ (? — o

of vector bundles over X, where Q is the quotient bundle. The fact that

rankö = m - n < k - 1 implies that the kth Chern class of Q, ck(Q), must

be zero. But we have that

c(Q) = c'SJIc'sf) = l/c(sf) = s(sf),

so that ck(Q) = sk(ssf) is nonzero by assumption. This contradiction completes

the proof.

In fact the construction of the imbedding stf «-» ̂ n+k done in the proof

above says more.

Corollary 1. Suppose we have the same assumptions as in Theorem 5. Then there

exists an imbedding srf <-^ ̂ n+k where ^n+k is some quotient bundle of J^N

and the imbedding comes from the composition suf «-» J^ -» <y„+k ■

The dual statement of this corollary is the following.

Corollary 2. Let sé be a (holomorphic) vector bundle of rank n over a compact

analytic variety of dimension k . Suppose there is a surjection SN -» sé , for

some N > n + k . Then:

( 1 )  There exists a subbundle ^Ar„+k   '-* ^N, so that the restricted map

yrn+k —<■ sf remains surjective.
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(2) If in addition the kth Segre class of sé , sk(sé), is nonzero, then n + k

is the minimum number necessary.

9. Final remarks

We will illustrate another usage of the identification Ar"1 = PE(x"~g+ ). In

[16], Mattuck was interested in cross sections of the projective bundle M —>

J , with n > 2g - 1 . There he proved that M[2g~x] —> / has no cross sections

for "general" M, but that for n > 4g, M —> J does have cross sections.

Observe that for any vector bundle sé , a cross section of Psé corresponds

exactly to a line subbundle of sé . The fact that M[ g~x] has no cross sec-

tions is equivalent to the fact that x8 has no line subbundles, which can be

deduced as follows. Suppose x8 has a line subbundle, call it L. For "gen-

eral" M, the codimension 1 divisors of J(M) are all linear combinations of

translations of the theta divisor, so necessarily c(L) = I + ad for some a eZ.

Then c(x8*/L) = c(x8)/c(L) = e~e/(l + a8) = e~e(l - ad + a282 - ■ ■ ). But

rankxg*/L = g - 1 implies

0 = cg(x8*/L) = (-8)

which contradicts the fact that the exponential polynomial has no rational roots.

This was essentially the proof Mattuck gave.

We can improve on his bound of 4s by the following argument. Consider

the bundle x ■ Since â, is an ample line bundle on J , we have for some

sufficiently large N e Z that ¿; 0 x8+ is generated by global sections. The

rank of this bundle is 1 larger than the dimension of the base space. By Atiyah's

theorem [3, Theorem 2], <;N ® x8+l has a trivial line subbundle, J^ <-» £N <g>

X8+l ■ Thus we have £,~N <-+ x8+X > so that x8+l has a line subbundle. This

means that M       has a cross section.

Theorem 6. The projective bundle Af    —* J has cross sections for n >2g.

So we obtain an imbedding J <-► Ar g'. In fact, being a cross section, this

is a nonsingular imbedding.

This theorem on the existence of cross sections of projective bundles can be

generalized to more general varieties.

Theorem 7. Let X be a nonsingular projective variety of dimension k. Then

any projective bundle P of dimension n > k has a cross section.

Proof. We will use Serre's results [18] that over a projective variety, every co-

herent analytic sheave corresponds uniquely to a coherent algebraic sheave. So

for the moment, view P as an algebraic projective bundle. Since X is non-

singular, in particular locally factorial, we may apply a result of Grothendieck

[5, §3.4] that every algebraic projective bundle is derived from some algebraic

vector bundle. Let E be some vector bundle of rank n + 1 for which P = PE.

g      g-i     &
a8 + a8    +-

g-2

2!
+ •■• + —

S!
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Being a projective variety, X has an ample line bundle. Let £ be an ample line

bundle on X. For some large enough N, Ç ®E is generated by global sections.

Since this vector bundle has dimension n + 1 > k, then by Atiyah's theorem

[3, Theorem 2], it has a trivial subbundle S <-» ÇN ® E. Then £fN «-> E is a

line subbundle of £. This implies that P has a cross section.

In particular, since the Jacobian of a curve is a nonsingular projective variety,

we have

Corollary. Every projective bundle over J of dimension greater than g has a

cross section.
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