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SECOND ORDER THETA FUNCTIONS AND VECTOR BUNDLES
OVER JACOBI VARIETIES

DAVID S. YUEN

ABSTRACT. We consider the Picard vector bundles defined over Jacobi varieties.
The rank g + 1 Picard bundle imbeds in the rank 2% Clifford bundle, so
the second order theta functions, viewed appropriately, span the dual of the
Picard bundle over each fiber. We prove a result on the minimum number of
such second order theta functions required to span the whole bundle at each
point. We give an application of using these functions to describe subvarieties
of the Jacobian. There follow comments on which functions we could use, and
generalizations to higher order theta functions.

0. INTRODUCTION

Over the Jacobi variety of a compact Riemann surface, there are the naturally
occurring Picard vector bundles. These bundles are derived by considering
sufficiently high symmetric products of the curve, which map to the Jacobi
variety. They reflect many essential properties of the Jacobi variety and of the
curve. However, there is of yet no explicit description of these Picard bundles.
They were initially investigated by Kempf [12], and Mattuck [16, 17]. Gunning
has shown [6] that the rank g+ 1 Picard bundle sits inside the rank 2° Clifford
bundle, representing the well-known transformation properties of second order
theta function under half periods. One aim of this paper is to find in some
sense a smaller explicitly describable bundle in which this Picard bundle sits.
We prove a result that there exist 2g + 1 second order theta functions that span
the dual of this Picard bundle, and that this is the minimum number required.
This implies that the pullback of this Picard bundle under an isogeny of the
Jacobi variety sits inside a rank 2g + 1 bundle which is the rank 2g+ 1 trivial
bundle tensored with a line bundle. This result generalizes to the the rank
(d —1)g + 1 Picard bundle. There follow some comments on whether we can
say which 2g + 1 second order theta functions we can use.
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1. NOTATIONS

In this section, we will fix some notations regarding marked Riemann surfaces
and their Jacobians, vector bundles and factors of automorphy, theta functions,
and Chern classes.

Marked Riemann surfaces. Let A/ be a marked compact Riemann surface of
genus g > 1, represented as the quotient M = M /T of its universal cover-
ing space M by the group I' of covering translations. As in [7], a marking is
viewed as a choice of a base point z; € M and a set of canonical generators
A, A By Bg of the group I'. Then we have a canonical basis of
hclomorphic abelian differentials w,, ..., @ g Denote by w, the correspond-
ing abelian integrals, viewed as functions on M , that is, w,(z) = fzzo @, . They
are normalized by w,(z,) = 0. For each T €T, denote the period of w, with
respect to T by w,(T), so w,(Tz) =w,(z)+ w,(T) forall z€ M. The peri-
ods are normalized by w,(4 )= (51' Denote by w the vector valued function

with components w; so that w: M — C?, and also denote by w(T) the vector
in C% with components w,(T). We have the Abel-Jacobi map

w:M—J=CZ,

where J = J(M) is the Jacobian of M with ¥ = w(I') = Z¢ + QZ*® and Q =
the g x g matrix (, j) where o, ;= w,(B;). The Jacobian is a principally
polarized variety with an irreducible theta locus.

Vector bundles. Holomorphic vector bundles over M will be described by fac-
tors of automorphy. As in [7], a rank n factor of automorphy o is a holomor-
phic map o: MxT - GL(n, C) such that a(z, ST)=0(Tz, S)o(z, T) for
all ze€ M and S , T € I'. Precisely, the vector bundle associated to ¢ has
total space

E(g) = M xC"/(~)
!
M

with the equivalence relation being (z,c) ~ (Tz,ad(z, T)c) for z € M,
T €T, and ¢ € C". Two factors of automorphy o,, g, describe the same
holomorphic vector bundle precisely when there exists a holomorphic map
F: M — GL(n, C) such that F(Tz)o,(z, T) = o,(z, T)F(z) forall ze M
and T €TI'. This gives the notion of equivalent factors of automorphy. More
generally, a map F: g, — o, of two vector bundles g, g, of ranks n,,
n, , respectively is given by a map F': M — Mat(n, x n,, C) which satisfies
F(Tz)o,(z, T) = 0,(z, T)F(z). In particular, a section of a vector bundle o,



SECOND ORDER THETA FUNCTIONS 459

Wthh isa map s: ¥ — o, is described by a relatively automorphlc function
s: M — C" for which s(Tz) = o(z, T)s(z) forall ze M and T €T. Such
sections form a vector space denoted by I'(M, ). We will denote the trivial
vector bundle of rank n by .7, .

Asin [6], let { denote the line bundle on M associated to the divisor consist-
ing of the base point of the marking. For any ¢ € C¢, p, will denote the flat line
bundle on M with factor of automorphy p,(4;) =1 and p (B;) = exp2nit;.

Similarly, vector bundles over the Jacobian J = C¥/.% will also be described
by factors of automorphy, o: C¢ x . — GL(n, C) such that o(w, Alt+A,)=
o(w+4,,4)o(w, 4,) forall we C% and A, A, € Z . The total space of the
associated vector bundle is

E(g) = C¥xC"/(~)
|
J
with the equivalence relation being (w, ¢) ~ (w + 4,.0(w, A)c) for w € C¢,
AeZ,and c e C". Forany t € C%, denote also by p, the flat line bundle
with factor of automorphy p,(4) = exp 2ni'qt forany A=p+Qqge.Z.

Via the imbedding w: M < J, any vector bundle ¢ on J induces by
restriction a vector bundle w”g on M. We know w”p, = p, and w*¢ = p (¥
where r € C® is the Riemann point associated to the marking, and & is the
theta line bundle defined in the following paragraphs.

Theta functions. For our period matrix Q, and in general any symmetric matrix
with positive definite imaginary part, we define the first order theta function with
characteristics as
v | tl(w; Q) = > exp2mi( Ym+v)Qn+v)+' (n+v)(w+1)),
neZ?®

where v, 7, w € C®. The simple theta function is 8(w) = [0 | 0)(w), and its
zero locus is the theta locus denoted by © c J. The dth order theta function
with characteristics is defined as

0,lv | tlw: Q) =60[4 | Tl(dw; dQ).

For v € Z* , this function of w is a relatively automorphic function for p_ Téd ,
where ¢ is the theta factor of automorphy with

E(w, A) = exp —2mi'q(w + 1Qq).
In fact 6,[v | t)(w), for v € Z*/dZ# form a basis of I'(J, p_réd) . Denote
f,[-1)(w) = (6,[v | —t](w)),, the vector € C*"

Then the elements of I'(J, préd) are exactly ‘c- 6 [=T)(w), for c e c* . This
gives a canonical identification

rJ, pey=c""

c- éd[—r](w) —cC.
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Define a new notation
0,(c|7)(w; Q) € ‘e 1) (w; Q),

8
for ce C* , 1€ C® and w € C¥. Note that in this notation, 6,(c| ) (w; Q)
is linear in c.

Chern classes. To every rank »n vector bundle g over J is associated its total
Chern class

clo)=1+¢c,+ - +c, e H (J,Z),

where ¢,(g) € Hz'(J , Z). Definitions and basic properties can be found in
[11].

We now fix some notation regarding the cohomology ring of J. Since an
abelian variety of complex dimension g is topologically a product of 2g circles,
its cohomology ring is merely an exterior algebra on 2g generators. We can be
more specific in the case of J, a principally polarized abelian variety. In this
case, we have a canonical homology basis

{a),....,a,,b,,....b,}CH(J,Z).

That is, if we identify H,(J,Z) = -, then a, = §, and b, = QJ,, where

5; is the vector in Z® with jth component 5}' Then we have a canonical
cohomology basis denoted by

{x, ... s Xgy Vs eno ,yg}CHl(J,Z),
where x,,y, € H'(J,Z) = Hom(H,(J, Z), Z) are defined by

x(a)=0; and x(b,)=0,
yi(a)=0 and y(b)=9,.
Then the cohomology ring of J is the exterior algebra on these elements:
H'(J,Z)= Nlx;, ..., Xg, ¥y ooes Vgl
The Chern classes of p, and ¢ are
cp)=1, c@=1+0

where 6 =[0]=3Y% x, Ay, € H?(J,Z) is the class of the theta locus. This
cohomology class will play an important recurring role. Note also that

n
6 =n!2xil/\yil/\~-~/\xi"/\yi",

where the sum ranges over all subsets {i,,...,i,} C{l,..., g}. So it makes
sense to speak of

0”

—eH"(V,Z).
n!
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2. THE BUNDLES Y AND )"

Fix a marked Riemann surface M of genus g. We will recall the definition
of the Picard bundles, and we will make precise the definitions of the factors
of automorphy x" and .

We know I'(J, &) - T'(M, p,{*¥) by restriction. We will concentrate on the
maps

2 2g
T(J, p_y,&) = T(M, ).
We know from [6] that this map is surjective for each ¢t € C%. Also, each
rJ, p,_Z,éz) has dimension 2% and each I'(M, p,{zg ) has dimension g+1.

The Clifford bundle y . We define the factor of automorphy y as follows. The
vector of second order theta functions, 6,[2r — t](w), viewed as a vector func-
tion of ¢, transform in the following manner [6]: for A=p+ Qq € &%,

6,02r — (1 + D))(w) = p,,(A)p,(A) exp(—mi'q (1 + 1Qg)) x (M), [2r - f)(w),
where x(4) is a 2% x 2° matrix with vu-components
(1) x(l)uﬂ=6:+qexp7ti'p-u.
Define the factor of automorphy y of rank 2¢ by
x(t,4) = p,(A) exp(~mi'q (1 + $Q4))x(2)
so that we have
G,2r — (t + D](w) = p, (Ax(t, A8, [2r - t](w).

This says 6,[2r — t)(w) € T(J, p,X) -

We call this bundle y the Clifford bundle. This terminology is chosen because
the collection of matrices y(1) form a Clifford algebra.

Note that x(4) as defined in (1) is not quite a factor of automorphy. One
can check that x(4,)x(4,) = (—-1)"’""2”’2"")((,12))((11). Also, since x(24)
6" ., expmi'2p.v = 6;: -1, we have that x(24) = Id, the identity matrix.

u+2q .
Recall the notation

0,(c|2r — ty(w) = ‘c- 6,[2r — t](w),

V[l=

for any c € ¥ . Then

0,(c|2r — (t+ A))(w) = ‘c-G,[2r — (t + 1)) (w)
‘e p,(Mx(t, NE,2r — f)(w)
P, (x(t, De) - G,[2r — f)(w)
= p, (W0, x(t, | 2r — ) (w).

Hence we have
(2) 0,(X" (1, A)c | 2r = (1 + ) (w) = p, (16, (c | 2r — 1) (w),
where x*(t,4) =x(¢,2)”" is the dual factor of automorphy.
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The bundle x*. For any 1 € ., define h,(w) = exp2ni'q-w, a function
of w € C%. This gives a nonzero section A,(w) € I'(J, p,), and exhibits the
isomorphism ¥ = p, . We obtain from this isomorphism the natural identifi-

cation
xh, 2

I'(J, pt—Zré )T’ LT i)

This is natural in the sense that for

2 1, (W)
MU, pra) T T by 08D 2 T pryg i)

we have that

ha,uz(.w) = ha,(w)haz(w)'
Hence for each 1 € C%, {T'(J, p, H_Z,éz)} ,c» areall naturally identified. Then
we can form a rank 2% vector bundle over J = C¥/.% whose fibre over ¢ is
I, p,_zréz). Precisely, the total space is ]_[,E ; T, p,_zréz) . We now show
that this bundle is actually E(x"). The total space is really

[T :xTW . oy~

tect
where (7, f(w)) ~ (t + 4, hy(w)f(w)) for f(w) e I(J, p,_ 2ré ). So for any
cec” ,

(1, Oy(c | 2r —t)(w)) ~ (1 + 4, hy(w)By(c | 2r — t)(w)).

The right-hand side equals 6,(x *(t, A)c| 2r — (t + A))(w) by noting that A, (w)
= p,(4) in (3). Using the canonical identification I'(J, p,_Z,f;‘z) = ng, we
have that the total space is C* x ng/(~) , where (¢,¢)~ (t+4,x (t,A)c). B

our discussions on factors of automorphy, this means that our vector bundle
has factor of automorphy x*,

EQ) =]ITU, p_p8).
teJ
The Picard bundles x” and their duals " . We now discuss the Picard bundles
x". These rank n vector bundles, where n > g, are defined in [7] via the
generalized theta functions, 0;’(1, z) for i =1, ..., n, which are functions on
C® x M . The essential property is that for each ¢, as functions of z,

071, z) eT(M, p,l" 7
form a basis of this n-dimensional vector space. And as a function of ¢,
6" (t+ 4, 2) = p DX (L, ME"(2, 2),

where 67(1, z) is the obvious n-dimensional vector. This defines " as a
factor of automorphy of rank n, for each n > g. Now, using the natural
identifications

b

n+g—1
)

-1 xh,(w(z))
F(Ma p;C'H-g ) _'Ag—'

(M, p,¢
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we can form a vector bundle of rank n over J with total space

[Irs, p 570,

teJ

This bundle is actually E( x"") by applying an argument similar to the argument
above for E(x"). In particular, we will concentrate on the case n = g + 1 ; we
have - ,
+
EG*T ) =], pg%*).
teJ

Now, the map I'(J, p,_Z,éZ )—T(M, p,CZ £) is given by the restriction map
0,(c | 2r — t)(w) — B,(c | 2r — t)(w(z)). Then the following diagram is clearly
commutative. ()
X w
T, p58) —— T, Py 5E)

2g Xh, (w(z)) 2g
IM, pl™) ——— T(M, p,,;, )
so that we get a map of vector bundles
2 2
[ITU . £,y 8" = TIT(M, p,0%).
teJ teJ
That is, we have .
Py S

This is a surjective map of bundles since it is surjective on each fiber. Then

equivalently, we have an injective map of vector bundles
+1
7o
This was proven in [6] via a different method.
Now, x"* is also well known in another form. Let N = n+ g — 1, and
denote M™ = the N-fold symmetric product of M . It is well known that
there is a one-to-one correspondence

3 PT(M, p M) = Az 2y e MMt =w(z) + - +w(zy) € T},
f(z) < Div(f).
Thus
PE("") = M™
!
Ja

where MM — J isa classically studied projective bundle. In fact E(x"") is
the canonical lift of this projective bundle to a vector bundle that Mattuck and
Kempf refers to as the Picard bundle. We will for some consistency reason
instead refer to " as the Picard bundle.
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It is worth taking a little time to explain why our bundle x"* is the same
vector bundle Mattuck constructed in [17] since we will be using his calculation
of its Chern classes. In general, given a projective bundle, the isomorphism class
of a lift of this projective bundle is determined by a codimension one divisor
on the total space of the projective bundle which happens to be the Chern class
of the resulting universal line bundle. The divisor class specifying the lift that
Mattuck constructed is what he denoted as X[p,],

Xlpl={py+z,+ - +zy_, € MM z, € M arbitrary} C MM

where p, is the image of the base point z;, in M . The universal line bundle
on PE(x"") is the dual to the line bundle whose fiber over [f] € PI(M, p,¢ N )
is the line spanned by f € I'(M, p,CN ). We can give a section of the uni-
versal line bundle as follows. For any [f] € PI'(M, ptCN ), define s([f]) €
Hom(Span{f}, C) by

s(LD: = flzg).
We have to check that this is well defined. This is clearly independent of the

choice of the representative f € [f]. More importantly, we have identified
I'Mm, p,CN) XA I'm, p,HCN) ,sothat f(z) correspondsto A, (w(z))f(z).
Then all we need is that f(z,) = h;(w(z,))f(z,), which is indeed true since
w(zy) = 0 and h,(0) = 1. The zeroes of this section s is precisely where
f(zy) = 0. This happens precisely when the divisor of f, viewed as a divisor
on M, contains p,. We have

Zero(s) ={f:Div(f) =py+z,+ - +zy_,}.

This gives the Chern class of the universal line bundle. By the identification (3)
of PE(x"") with M M , we see that Zero(s) = X[p,] exactly. So indeed, the
vector bundle y"” is precisely the one Mattuck dealt with in [17].

Mattuck computed the Chern classes of x”~ to be

. , iy
(X" ) =(=1)'[W]eH"(J,2Z),
where W, = the image of MY in J. We know (W]= Gi/i!. Hence
2 g
" 0
e(x" )=1—0+%—~-~+(—1 f—
which we can write simply as
cx"V=eleH ., 2).
Therefore the Chern class of the dual vector bundle is
2 g
0 6 0
c(x")=e" = 1+0+2—!+~~+§.

Note that ¢(x") and c(x"") are independent of n.
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3. THE BUNDLES X AND Xn AND CERTAIN PULLBACKS

In order to study the question of how many second order theta functions
0,(c | 2r—t)(w(z)) it takes to span I'(M, p,ng) for all ¢, we need to study the

pullbacks of the Clifford and Picard bundles under the doubling map m: J %3
J . The reason, as we will see later, is that the span of a second order theta
function will not form a line subbundle of the Clifford bundle unless we we pull
back by this map.

For any bundle # on J, denote its pullback by # = m*n. The bundle 7
has fiber at ¢t € J given by

E(m), = E(n)y, -
In terms of factors of automorphy, we have that
n(t, A) =n(2t, 24).
Note that m is a finite covering map of degree 2%

The induced cohomology map. It is easy to see that the map m takes each
canonical 1-cycle to twice itself, so

m.a, =2a;, and m/b, =2b,.
This implies that the induced map on the first homology groups
m, H(J,Z) 3 H(J,Z)
is multiplication by 2. Since H' (J,Z)=Hom(H,(J, Z), Z), we have that
m'H'(J,2) 3 H'(J,2Z)
is also multiplication by 2, so
m*x,. =2x; and m*yi =2y,.
In particular, we have that
g g
m'e = Z2xi/\2yi = 4Zx,./\yi =46.
i=1 i=1
Note that m*: H*(J, Z) — H"(J, Z) is an injective ring homomorphism.

The bundle y. Now consider the vector bundle y. Its pullback via m has
factor of automorphy

20, A) = x(2t, 22)
= p,(24) exp(—ni'(2q)(2t + 1Q24))x(24)
= p,,(A) exp2(-2ni'q(t + 1Qq))ld
= pp, (ME(, 1)’1d,
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where Id is the 2% x 2% identity matrix. Thus ¥ is a scalar bundle with
23
Z = @ pz,éz
j=1
as bundles on J. Then the Chern class of this bundle is
2!
@) = [Jelpy &) = (1 4200,
j=1

by using the formula for the Chern class of a direct sum and the fact that
c(pzfﬁz) =14 260. By using the formula for the Chern class of a dual, we have

that ¢(x*) = (1 — 28)% . This proves

Proposition 1. We have isomorphisms x = pzrézfzg and ? = p_Zré_zgfzg,
and so their Chern classes are

~ 28 ~ 28
c(X)=(1+420)", c(x’)=(1-20) .
Next we wish to calculate c(x). We need the following proposition.

Proposition 2. It makes sense to write (1 + %0)2g €eH"(J,Z).
Proof. We have the expansion

1 \* Lg, 1 [25\.2 1 (28N ¢
<1+§0) _1+§2 0+?(2)6 +-~-+2—g(g)0.

Instead, we can write

1 \? 1.g. 2!/25)\86? g (28 68
We know that 6% /k! € H*(J, Z). But the coefficient of 6%/k! is just
K2R k2525 -1 25—k 1)
K\ k)~ ok 1-2- -k
285025 —-1)--- 25—k +1)
= 2k N
which is clearly an integer for 1 < k < g. Thus indeed (1 + %6)23 €eH"(J,Z)
as claimed.

Now, since m*0 = 46, we have that

m*(1+16)") = (1+20)" = (7).

But we know that m”c(x) = c(¥), so m*(c(x)) = m*((1+ %0)23) . Since m" is

14
an injective homomorphism, we must have that c(x) = (1+ %0)2 . This proves
the following.
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Proposition 3. The Chern classes of y and x* are

*

) =(1+10, cx)=(1-16)

The bundle ;’: Recall that E(x*) was constructed as e, F(pt_Z,éz) with

the natural identifications ['(p,_, &) = [(p,,,_,,¢") for 2 € Z. It is clear
that

28

E) = [[T(ps08D)

teJ
with the identifications l"(pzt_z,éz) = I'(p,, +u_2,§2) for A € . Now for a

fixed nonzero c € ng , consider the one-dimensional subspace described by
Span{f,(c | 2r — 2)(w)} C T(py,_,,&")
as t varies. Let A =p + Qg € & . We have from equation (2) that
P, (24)0,(c | 2r — 2t)(w) = 02()(*(2t, 20)c | 2r = 2(t + A))(w).
But from previous calculations, we know that
128, 20) = p_y, (ME(t, 1) 71d.
Hence we have
(@) p_p(WE, D720y(c | 2 = 2t + D) (w) = hyy ()8, (c | 27 = 20)(w).

The natural identification of

r(/’zz—zréz) = F(P2z+2/1—2r52)

identifies 0,(c | 2r — 2t)(w) with h,,(w)6,(c | 2r — 2t)(w). Thus under this
identification, 60,(c | 2r — 2(¢ + A))(w) and 6,(c | 2r — 2t)(w) differ only by a
scalar factor of p_, (A)5(z, /1)_2 . In particular, this implies that

Span{8,(c | 2r — 2t)(w)} = Span{8,(c | 2r — 2(¢ + A))(w)},
and hence we can say

[T Span{8,(c| 2r — 2)(w)} c [ T(py_1&%) -

teJ teJ

This defines a new line subbundle of ? which we shall denote by u: . This
proves
Proposition 4. For each nonzero vector ¢ € c” , we can define a line subbundle
u, = x" by
E(k;) = [ span{,(c | 2r - 20)(w)} € E(").
eJ

These line bundles u: are useful in studying questions about the behavior of
second order theta functions when restricted to the curve M . In this case the
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g+1*

relevant map is u, — x¥*' , which comes from the composition u; — x* —

N* . . . . . ~
¢+1" Here, by reasoning similar to the discussion on x*, we have that

* 2
E(r* =[], p, &%),
teJ

X

and we have

g+| —46

c(x y=e

For instance, suppose we are interested in the interplay of some basic second
order theta functions {6,(c, | 2r - t)(w)}:'=1 when restricted to the curve M as
t varies. We can consider 6,(c, | 2r — 2f)(w) without changing the question.
We would look at the map

(5) #:I@...@#:n_,xgﬂ

of vector bundles over J . It is clear that the image of this map on each fiber is
2
Span{6,(c, | 2r - 2t)(w(2))};_, CT(M, p, &%),

so we have the following remark.
Remark 1. The restricted second order theta functions

{0y(c; | 2r =200 (w(z))}iy . n
are linearly independent for a fixed ¢ if and only if the map (5) is injective at
t. And {0,(c, | 2r — 2t)(w(z))} span I'(M, p2,523) for a fixed ¢ if and only
if the map (5) is surjective at ¢. Furthermore, {6,(c; | 2r — 2t)(w(z))} are
linearly independent for all ¢ € C® if and only (5) is an injective map of vector

bundles, and {0,(c, | 2r — 2t)(w(z))} span (M, pzlézg) for all ¢t € C? if and
only if (5) is a surjective map of vector bundles.

Proposition 5. For any nonzero c € ng, we have an isomorphism ., = p_2ré_2,
and so the Chern class of u. is c(u.)=1-26.
Proof. ldentify
Span{0,(c | 2r - 2t)(w)} =t x C
by identifying 0,(c | 2r — 2t)(w) < ¢ x 1. Then
E(u.) = | Span{6,(c | 2r — 2t)(w)}/(~) =[] rxc/(~
1ect 1eC?®
where we want (1, af,(c | 2r — 2t)(w)) ~ (1 + 4, hy,(w)ab,(c | 2r — 21)(w)) for
1eC?, aeC,and Ae.Z. By equation (4), this is actually

(1, ab,(c | 2r = 2)(w)) ~ (1 + 4, p_, (ME(L, A) aby{c| 2r = 20)(w)) .

By our identifications, this becomes (¢, ) ~ (t+4, p_, (A)&(t, l)_za) . Hence

the factor of automorphy of ,u: is u:(t, A) = p_,,(A)(t, /1)_2, which was to
be proven.
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Remark 2. We see that the factor of automorphy u: is independent of ¢ € ¥
That is, all the different /z: are isomorphic as vector bundles.

Remark 3. For any choice of a basis ¢, ..., ¢, of C”, the map ,u:l S @
u;g — )?‘ is an isomorphism.

The notation ,u: was chosen so as to be consistent and suggestive. The dual
map of the injection u. — x” is the surjection y — u_, where u_ is the dual
line bundle of u: . This dual bundle has Chern class c(u.) =1+ 26.

4. THE OBJECTIVE

We now deal with the problem of how many basic second order theta func-
tions of the form 6,(c | 2r — f)(w(z)) does it take to insure that they span

T(p,C**) forall ¢.
It would be nice but not very interesting if the job could be done with just
g + 1 of them. At any fixed ¢, € C%, we can certainly find g + 1 vec-

tors ¢, ..., ¢, € C? such that {65(c; | 2r —t)(w(z ))}”’+l is a basis for
I“(ptoczg ). However, this choice of g + 1 second order theta functions might

not be a basis of F(p,ng ) for some other values of ¢. In fact we have the
following.

14
Proposition 6. For any choice of ¢, ..., Cor1 € c?, let

X = {t € C%: Span{f,(c, | 2r — 2)(w(z))}¥*! # [(p, ¢ )}

be the subvariety where these restricted theta functions fail to form a basis. Then
viewing X C J, we must have either X = J or [X]= (2g-2)0 € HZ(J, VAR
In particular, X cannot be empty for g > 1.

Proof. Let u" = u:] @ @®u, . Then X is precisely the degeneracy locus of

g+1*

the map u* — x . We will apply Porteous’ fogula, as stated in [2] or [4].

Each irreducible component of X = X g(,u* — xg“*) has dimension at least
dimJ-(g+1-g)(g+1-g) =dimJ— l1=g—1.1If X is either empty or
dimX =g—1, then [X]=A4, (c(x gl )/c(u )). We have

Y o) = ““’/(1 20)%*"

1420 +40+ -+ 2805
=(1-40+---)(1+(2g+2)0+---)
=1+Q2g-2)0+--,

so that [X] = (2g — 2)6 in this case. Otherwise, X has a component of

dimension greater than g — 1, which must necessary be of dimension g. Since
J is an irreducible space, this forces X = J . This completes the proof.
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Remark 4. For genus g = 1, we have 28 = 2 = g + 1 so that the Clifford
bundle y and the Picard bundle xg“ are the same bundle. In this case, any
two linearly independent ¢, ¢, would produce two 6,(c, | 2r — t)(w(z)) that

span I'(M, p,{z) for all ¢. Clearly this must be the case since M = J in genus
1.

Remark 5. For genus g = 2, we have 2° =4 and g+ 1 = 3. So we know
we can find 4 vectors ¢, ¢,, ¢, ¢, such that {6,(c; | 2r — t)(w(z))} span
M, p,C“) for all ¢. This is in fact the minimum number since by Proposition
6 we know it cannot be done with g+ 1 =3,

In fact for genus g > 1, these restricted second order theta functions inter-
play much more. The next theorem says that any choice of two such restricted
second order theta functions cannot be linearly independent for all ¢. There-
fore, a priori, we see that g+ 1 of them cannot hope to be linearly independent
for all ¢.

14
Theorem 1. Assume genus g > 1. For any two vectors, c,, ¢, € c’ , there exists
some t, € C* such that

0,(c, | 2r —to)(w(z)) and 6,(c,|2r —t,)(w(z))

are linearly dependent as functions of z € M.

Proof. Assume c,, c, are linearly independent, for otherwise there is nothing to
prove. The two corresponding theta functions describe a subbundle /t:l @ u:z —

)? , which for simplicity we will denote by " . The restriction of the theta

functions to M yields the map u* — x**'" . Suppose by contradiction that
forall ¢,, 6,(c; | 2r —t,)(w(z)), i = 1, 2, remained linearly independent. By
remark 1, this is equivalent to saying that the above map is injective. Then we
have an exact sequence

0—»# —»X‘g-H —»Q—vO

of bundles over J. Since Q hasrank g+1 —2=g —fl\iits gth Chern class

* 4
&+l % so that

must be zero. We know that c(u”) = (1 —26)* and ¢(3"' ) =e~

c(Q) = ( Ve >
“/(1-26)
—e (1 4+20+40" +.. +2%0%)

(Xg:jl 40)’) (i(w 1)(20)”) :

=0 i=0
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So the gth Chern class is

(@ =Y [ L (-a0) ] (g - k+ 126y ™]

(6) : o

_ 6% [ &+ D=D° 3

_ (2% |8+ D=2

But cg(Q) = 0. So we must have

0 (&+1D(=2)° 5
g!

Then necessarily,

28(g+1
(7 _—g'— g+3)

k —_— . . .
Now, the series Z,‘:’zo K:kZ')_ converges to e 2 The fact that it is an alternating
series whose nth term decreases in absolute value for n > 2 implies that

n k n+1
-2 (-2) 2
e =Y < for n>2.
— k! (n+ 1)
Then by the triangle inequality,
2n+l
‘ ‘ < (n+ 1)’
and so " . .
-2 2" (=2)
il ey <Z x for n>2.
=0

So in the case g > 3, by taking n = g — 1, we have
- (2
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Continuing from equation (7) and then applying this inequality, we have

g—l
2)
ZT

28 (g+1)=glg+3)
k=0
_ 28
>g'(g+3>(e 2-?)
>glg+3)e  -2%5(g+3).
Then
25(2g +4) > gl(g +3)e ",
and so
2g+4 2>£!
g+3 T 2¢
Using —gﬁﬁ <2 and e < 3, we have
g!
2—g<18

But this is impossible for g > 7 since :'zl_': is an increasing sequence for n > 2,
and already for n =7, % =7-720/128 > 7-5 > 18. To complete the proof by
contradiction, we need to show that the relation cg(Q) = 0 is impossible also

for g=2,3,4,5, 6. But from (6), we have

e . g
@) = Y- E -2t ooy Zg(g o B
k=0 ’ ’

which by arithmetic yields the following:

2
g=2 Q) =2-%,

g=3 Q) =422,

g=4 ¢,(Q) =24 iw)—,
g=>5: cS(Q)=128-2—gL,
g=6: ¢(Q)=2880- 2L,

This completes the proof.

S. MAIN THEOREM

The question of exactly how many restricted second order theta functions
0,(c | 2r — t)(w(z)) it takes to span 1"(p,C2 ) for all t € C%® was completely
answered in Remarks 4 and 5 for genuses g = 1 and g = 2. We now deal w1th
the problem for g > 2. For this purpose we study the map I'(J, p,_ 2,5 ) —

I'(M, p,C £) more closely.
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For each ¢ € C%, let A(t) c C* be the kernel of
2 2
T(J, p_p&) = T(M, pL%).
That is, by using the usual identification of I'(J, p,_Zréz) with C¥ , we have

A(t) = {ceC” 1 6,(c| 2r - )(w(z)) = 0 in z}.

Since the above map is surjective, the dimension of each A(f) is 25 — (g +1).
Clearly, the collection {A(¢)} forms an analytic family of linear subspaces of

C? indexed by ¢ € C¢. Since

0,y(c | 2r — 1) (w(2)) = 0,(x" (¢, A)c | 2r — (1 + M) (w(2)),
it is clear from the definition of A(¢) that
(8) ce A(t) ifand onlyif x"(¢,A)ce A(t+A).

Another way to consider these A(¢) is the following. Let Z be the vector

bundle which is the kernel bundle of the surjection x* — x**'", so

0—),%—>X‘= —>Xg+1* —-»0
Then the total space of %, viewed as a subset of E(x"), is exactly

E@) = ] 40/(~),

teC?

where the equivalence (~) is that of
E(X")=CxC” /(~),

namely, (£,¢) ~ (t+ A, x"(¢t,A)c). From this viewpoint, it is also easy to
deduce (8).
We are interested in the “orthogonal complement” A(t)l which is taken with

respect to the symmetric inner product on ¥ . To be precise, we have
L 28 ¢t
9) Aty ={aeC : a-c=0forall c € A1)},

o) A(t)l is a g + 1-dimensional subspace of .

Note that when we say “orthogonal”, it is with respect to this symmetric
bilinear form and not the Hermitian one; the reason is that we wish to keep all
relations holomorphic.

Proposition 7. For any A €.%, we have

ce A(t)l ifand only if x(t,A)ce€ A(t + ,1)l .
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Proof. We have the following equivalences:
S A(z.‘)L o cha=0 (for all a € A(t))
o ‘coa=0 (forall y*(t, A)ae At + 2))
e ey’ (1, ) 'a=0 (forallae A(t + A))
s e 'x(t, AMa=0 (forallae A(t+ 1))
& ‘(x(t,A)c)-a=0 (forallae A(t+24))
& x(t,ceAt+A)".

Corollary. For any A in &, we have
A = A+ 247

as g + l-dimensional subspaces of c”.

Proof. We know from Proposition 7 that ¢ € A(1)" if and only if x(¢, 2A)c €
A(t+2,1)L . Butsince x(t, 24) is a scalar matrix, we have that x(¢, 24)c € A(t)L
if and only if ¢ € A(t + 2/1)l . This completes the proof.

Now we define
(10) B=Jawm>, tect.
By the above corollary, we can write this as

B=J4@2n™, tel.

Lemma 1. B is an analytic subvariety of c” of dimension at most 2g + 1.

Proof. It was already noted that {A4(z)} form an analytic family of subspaces.
This means that {A(t)l} is also a family of subspaces that vary analytically
with ¢, as is easily seen through their definition (9). Now, for each € C*, we

can view A(2t)l ctx % so that we have
[T 420 c ¢ xc”.
1eC?®
By the above corollary, we have
[J4eo" cuxc”.
teJ
We can therefore define a new vector bundle % by
E®)=]]a@)"
teJ

Here % is a vector bundle of rank g+1 over J, and we have E(%#) C E(%),
or # — S5 . Also note that E(%#) has dimension 2¢ + 1 as an analytic

subvariety. It is clear that B = p,(E(%)) where p,: J x - ¥ s the
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projection onto the second factor. Now, for any compact set K C ¥ , we have
that its inverse image is p, 1(K ) = J x K, which is clearly compact since J is
a compact space. Hence p, is a proper map. Then we may apply the proper
mapping theorem which states that the image of an analytic subvariety under
a proper map is again an analytic variety. Therefore B is an analytic variety.
Furthermore, the dimension of B can be at most the dimension of E(%),
which is 2g + 1. This completes the proof.

The following elementary proposition, whose proof we shall omit, will be
used in the proof of the next lemma.

Proposition 8. Let X and Y be two linear subspaces of some complex vector
space CY . Then

X+Y=C" ifandonlyif X' nY* =(0).

Lemma2. Let ¢, ...,c, € C¥ . Then {6,(c; | 2r—=t)(w(2))};y ., Will span
(M, p,CZg ) as functions of z for all t € C% if and only if
L
(Span{c,, ..., c,})” NB={0}.
Proof. We first show the first implication. Suppose ¢, ..., ¢, € ng are such

that {6,(c; | 2r — t)(w(z))} span I(p,{*%) forall t € C*. Fix any ¢. For any
ceC”, we have 6,(c|2r—t)(w(z)) e I"(ptczg). Then

0,(c|2r—-t)(w(z)) = Zaiez(ci | 2r — t)(w(2)),

i=1

as functions of z, for some constants o, € C. This means that
O,(c - a,c; | 2r—1)(w(z)) =0,
forall z. Thus ¢ — ) a,c; € A(?). This means that
c € A(t) + Span{c;} .

Since c € ¥ was arbitrary, then

A(t) + Span{c;} = .
By Proposition 8, then we have

A(t)l N Span{c,.}l = (0).

Since this is true for all fixed ¢, we have that UA(t)l n Span{ci}l = (0), or

BN Span{c,}" = (0).

Now we prove the converse. Suppose BN Span{ci}l = (0). Then for any
fixed 1 € C*?, we have A(t)l r1Span{c,.}l = (0) . By Proposition 8, then we have
A(t) + Span{c,} = . Now, take any element in I'(p,ng ) ; it is necessarily of
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the form 6,(c | 2r - £)(w(z)), for some c € C¥ . Then ce A(t) + Span{c,}
implies that ¢ = a+ ¢, for some a € A(t) and ¢’ € Span{c,}. Then

0,(c|2r —t)(w(z)) = 0,(a | 2r — t)(w(z)) + 02(0' | 2r — t)(w(z)).
But a € A(¢) implies 6,(a | 2r — t)(w(z)) =0 in z. Hence
0,(c | 2r — t)(w(z)) = O,(c’ | 2r - t)(w(2)).

Thus any element in I( ptCZg ) can be written as 02(c' | 2r — t)(w(z)) for some
e Span{c,}. This means that {6,(c, | 2r — f)(w(z))} span F(p,{zg). Since
this is true for any ¢ € C?, the proof is complete.

We now state and prove our main result on the number of restricted second
order theta functions it takes to span I'(p,{ 28 ) forall ¢.
Theorem 2. For genus g > 2:

(1) There exist 2g+1 vectors ¢, ¢y, ..., Crgi1 € ng such that for all t € C%,

{0,(c; | 2r - t>(w(z))}i=l,...,2g+l span T'(M , p,(zg) as functions of z;
(2) and 2g + 1 is the minimum number necessary.
Proof. (1) By Lemma 2, we need to exhibit ¢, ..., Crgr1 € ¥ such that
Span{c,, ..., ¢, } NB =(0).
Note that because B is the union of linear spaces, B has the property that for
any b € B, we also have ab € B for any a € C. Thatis, B is a cone. Denote

the standard map from (o \ (0) to cp?’! by

7: C¥\ (0) — cP¥ .

Then denote PB = n(B\ (0)). By Lemma I, B is an analytic subvariety of
C” . Then PB is also an analytic subvariety of CP”~'. The fact that B is a
cone means that n"l(PB) = B\ (0). This implies that
dimPB =dimB - 1.
Now, a generic linear subvariety of CPz‘g'l of dimension less than 2% — 1 —
dim PB will not intersect PB. That is, for a generic linear subspace X C ng
of dimension 28 — 1 —dimPB, PX = n(X\(0)) C P~ will have dimension
28 — 1 -dimPB -1 and so
PXNPB=0.

This means that X N B = (0). Pick in particular one such subspace X of
dimension 2¥ — 1 —dimPB. Let W = X" . Then W™ = X sothat W' NB =
(0). But dimW =2 —dimX = 1 + dimPB = dim B. Hence we can express

W = Span{c,, ..., ¢ g}, fOr some choices ¢; € ng . Since dimB < 2g + 1
by Lemma 1, we can write W = Span{c,, ..., ng+1}' Then
1
Span{c,, ..., ¢;,,,} N B =(0).

This completes the proof of part (1).
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(2) If it were possible for ¢, ..., c, to satisfy the theorem for m < 2g,
then trivially it could be done with m = 2g. Hence to show that 2g + 1
is the minimum necessary, we only need to show that it is not possible for
any {¢,,..., ¢ g} to satisfy the theorem. Suppose by contradiction that there

do exist {c,,..., czg} that satisfy the theorem. As in Proposition 4, any

6,(c | 2r — 2t)(w) picks out a line subbundle u: of )? . Following the idea in
Remark 1, consider the vector bundle of rank 2g,

2g

(11) w=Du .
i=1

SO

2g
Ew)=]] (GB Span{6,(c, | 2r ~ 2t><w>}) /(~).

i=1
Look at the map

g+1*

uo— x5,
which on each fiber is the linear map

2g
@D Span{8,(c, | 2r — 2)(w)} — T(p,, L)

i=1

given by the restriction
0,(c; | 2r = 2t)(w) = 0,(c; | 2r — 2t)(w(z)).

The assumption that {6,(c, | 2r — 2t)(w(z))} spans I‘(pthzg ) for every t € C¢
means that this map of bundles is surjective on each fiber. Hence we have a

g+1*

surjective map of vector bundles u* — x . This is equivalent to having an

injective map of the dual bundles ¥4*' — u. Let Q be the quotient bundle.
So we have an exact sequence

(12) 0— 28 —u—0—0.

Now, Q is a bundle of rank 2g — (g + 1) = g — 1. Hence its gth Chern class
cg(Q) must be zero. Now we compute the Chern class of Q. From (12) we
have that

c(Q) = c(w)/c(x*™)

We know from previous discussions that c¢(yx? “) ¢*’ . From (11) we see that
c(u*) = [1°%, c(u}), which by Proposition 5 1mp11es c(u*) = (1 - 26)* . Then

we have that c(u) = (1 + 20)2g . Consequently, we arrive at

c(Q) = (1+26)* /e

46 g —49

= (1 +26)
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Then the gth Chern class of Q is

k
@)= 3 (%) 2

k!
Jjt+k=g

. <2$) (=2)(20)"(26)’

!
Pl k!

g k

(13) =(29)gz< 28 >(_k2!)
g 2g) (=2

= L g v R K

~_ (29! _ ¢!

¢! Z%(g+k> freeorl
g
>

208k= g+k <>(_2)k'

Since c,(Q) =0 and %L £0eH®(J,Z)=

Z , we must have
I

(28)! (& k
g(g+k>!<k>(‘2) =0

Separating out the terms for k = g and Kk = g — 1, we have

(~2)% + (20)2(-2)* Z 2O (§) -2 =o.

Note that for k =0,1,..., g -2, we have that g + k <2g — 2 and thus

!
(2g—1) divides —28)

(g+ k)
This implies that
g-2
. (2¢)! <g> k
2g — 1) divides e -2),
(5= 1) divides 3 =T ()2

and so we must have that

(2g — 1) divides (=2)% + (2g)g(=2)*"",
which is the same as

(2g —1) divides (=2)¥7'(=2+2g%).
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Since (2g — 1) is an odd number, we must have that
(2g — 1) divides (2g°-2).
Note 2g2 —2=g(2g — 1) + g — 2. Consequently, it must be true that
(2g—1) divides (g-2).

But since we are assuming that g > 2, we have that both (2g—1) and (g —2)
are positive numbers with (2g — 1) > (g — 2). So it is impossible to have that
(2g—1) divides (g—2), and we have arrived at a contradiction. This completes
the proof of the theorem.

6. ONE APPLICATION
As one application, consider the subvariety of special positive divisors in J,
n g. 1: r
W' ={teC: dimI(p,)>n}/L.
Gunning has shown in [6] and [7] that they can be described by
(14)

W) —a = {teC®: rank{6,[v | 2r — tN(w(@))},ez¢ 225 . jo1...m <P}HZ
for any distinct points aq,, ..., a, € M and where a = w(a,) + - +w(a,,).
Theorem 2 says that we can replace this with
Theorem 3. There exist c,, ..., Crg41 € ng such that

Wy —a = {teC*:rank{0,(c; | 2r = ) w(@))} iy 2gs1:jet...m <PYHZ
Jfor any distinct points a,, ..., a, € M and where a = w(a,)+---+w(a,,).

Proof. By Theorem 2, take ¢, ..., ¢;,, € C” such that

{6,(c; | 2r — ) (w(z2)} %"

i=1
spans ['(p,(*¥) for each ¢ € C®. This means that for each ¢, the span of
{0,(c; | 2r - t)(w(z))}f:‘gfl is the same as the span of

{02[1/ | 2r — t](w(z))},,ezﬂ/zze ’

viewed as functions of z. Considering these two sets as column vectors, this
means that for each fixed ¢, thereisa 28 x2g+1 matrix 4 anda 2g+ 1 x 2%
matrix B such that

{0,0v | 2r — t)(w(2))}, = A{0,(c; | 2r — t)(w(2))},,
{6,(c; | 2r — t)(w(z))}; = B{O,[v | 2r — t](w(2))},, .
In particular these equations are true for each z = g, , so we have

{6,v | 2r — (l(w(a)}, , = A{By(c, | 2r — Y (w(a)}, ,,
{02<c,‘ I 2r - t)(w(aj))},',j =B {02[1/ l 2r - t](w(aj))},,’j .
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These imply that

rank{0,[v | 2r — tJ(w(a;))}, ; < rank{0,(c; | 2r — t)(w(a)))}, ;,

J v, —

rank{6,(c; | 2r — 1)(w aj))}i,j < rank{0,[v | 2r — t)(w(a;))}

v,j*

Therefore,

rank{0,(c, | 2r — 1)(w(a;))}, ; = rank{0,[v | 2r — 1(w(a,))}, ;.
and so
{t € C*: rank{6,(c; | 2r — t)(w(a)))}, ; < P}

= {te C’: rank{6,[v | 2r — t}(w(a,))}, ; <P}

v,J

Then by equation (14), we are done.

We have replaced the 2 x m matrix with a smaller 2g + 1 x m matrix. In
particular, for m =p =3, we have W' ) = W10 = M, the image of the curve
in the Jacobian, and so

M—a:Wl0

= {teC¥:rank{f,(c, | 2r — )(W(a;)},oy . 2ge1:jm1.2.3 < 3HZ.

-«

Therefore M — «, a translate of the curve, can be recovered as the common
zeroes of the (2g3+ = %(4g3—g) sets of 3x 3 subdeterminants of the 2g+1x3

matrix
{0,(c; | 2r = n)(w(@;)},cy . 2g41:j=1.2.3-

It is amusing to note that the description of subvarieties of special positive
divisors in Theorem 3 is reminiscent of the description of tangent cones to the
same subvarieties in Kempf’s singularity theorem [13]. Both descriptions use
certain minors of a certain matrix to generate the necessary equations.

7. SOME COMMENTS

One aim of this paper was to find in some sense a small explicitly de§g£ibable

bundle in which the Picard bundle sits. We can say something about x4*', the

pullback of tngicard bundle by the doubling map. By Theorem 2, we have

g+1

shown that y sits inside a rank 2g + 1 scalar vector bundle,

e

2
X = 08 Fgin

An interpretation of Theorem 2 is that there exists an imbedding

-2 g1
P_Z,é X - ‘jz2g+l ’

and that % g+l is the smallest trivial bundle we can use. This imbedding is not
unique and depends on which suitable ¢, ..., ¢, g1 One chooses.
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It would be nice to know exactly which ¢, ..., ¢, g+1 Wecan use in Theorem
2. Handling such a question would involve the study of B as defined in equation
(10) because by Lemma 2, such vectors are characterized by

1
Span{c, ..., c2g+l} NB = (0).
Of course this B C c” depends on M .

Lemma 3. For each M, the corresponding B is an analytic subvariety of c”
of dimension exactly 2g + 1.

Proof. From the proof of Theorem 2, part (1), there exists a linear subspace
W c C¥ with dimW = dimB such that W N B = (0). Taking W =
Span{c,, ..., ¢4, 5} W€ have Span{c,,...,c; z} N B = (0), which by
Lemma 2 implies that ¢, ..., ¢, p satisfy Theorem 2, part (1). Since The-
orem 2, part (2) says 2g + 1 is the minimal number, we must have dim B >
2g+1. Since Lemma 1 says that B is an analytic variety with dimB <2g+1,
we conclude that dimB =2g + 1.

Corollary. PB is an analytic subvariety of cp-! of dimension 2g.

A natural question is what is the cohomology class of PB, that is, what is
its degree b = [PB] € H¥(P*~',Z) = Z, where i = 2 — 2g — 1. Thus
to each M is associated this positive integer H(M). It would be interesting
to see if this number varies with M. We can attempt to calculate this number
b = [PB] as follows. Take a generic linear subspace H C ¢ of dimension
2% —2g, so that X = PHNPB is a finite set of points, namely » number
of points. Now recall the bundle % that was defined in the proof of lemma
1. We have E(®) c J x C¥, so E(P®) C J x PC¥™! where PZ is the
associated projective bundle. We have p,: E(P%) — PB, a surjective map
between two compact varieties of the same dimension, 2g, so it is a finite
map. Let d = degree of p,. For a generic H, X will be a generic finite set
in PB and so p, l(X ) will be a finite set consisting of bd number of points.
Consider X' =p,(p; '(X)) C J. Note that p, restricted to p; '(X) — X' must
be a one-to-one map. For suppose p,(t, ¢,), Dy(t, ¢c,) € X = PBNPH. This
means that ¢, ¢, € PA(t)l , which implies that Span{c,, ¢,} c PB. Since
Span{c,, ¢,} C PH, then also Span{c,,c,} C X. Since X is a finite set this
forces ¢, = ¢,. Hence X " consists of bd number of points. Noting that
[one point] = %f , this means

' 6% 2
(15) [X]=bd?eHg(J,Z),

Now, X' consists exactly of those points ¢ for which H N A(t)l # (0). By

the proof to Lemma 2, this is precisely where {6,(c | 2r — t)(w(z)): c € Hl}

fails to span I'(M, p,ng). Pick some basis ¢, ..., Crg of H-. Then X' is
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g+l

where the map u* = uc RN /tc — X is not surjective. Looking at the

dual of this map, X’ is where xg“ — p_fails to be injective. The expected
dimension of the degeneracy locus is dimJ — (g + 1 — g)(2g — g) 0,and X’
has precisely this dimension. So we can calculate the class of X' by Porteous’
formula:

X') =By g g1 gl /e

=4, ((1+20)% /")
= gth term of (1 + 20)%e

-y (F)aer - 9

Jjtk=g

—46

From the calculation in (13), this can be simplified to

X'] 2808 & (2g)! (g k
T gl Z(g+k (k>(—2)'

k=

Comparing this equation to equation (15), we obtain that

bd = 232((233 () ~2).

In particular, we have

Proposition 9. The number b(M) = [PB] divides the number

gi g+k)'< >( 2"

In particular, there is only a finite number of possible values for b(M), namely
the factors of the above number.

It might still turn out to be the case that (M) is the same for every compact
marked Riemann surface M .

The vector bundle % seems to be involved in this question. We can say one
thing about this bundle.

Proposition 10. & = p_, &’ ® x* =

Proof. By definition, E(%)=1]], 4 2t) . Since
A1) ={ceC’: ‘e G,12r - 20)(w(z)) = 0 in z},

it is clear that A(2l)l = Span{§2[2r =2t (w(z2)): z € 1\7}. Let N: xg“ — X
be given by the 2% x g + 1 matrices N(z). This means 0,[2r — 2f](w(z)) =
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N(20)6%*' (2t, z), where 6%%'(2¢, z) is the vector of generalized theta func-

tions. So A(2¢)" = Span{N(21)6%*'(2t, z): z € M} . Since Span{6%*'(2¢, z):
~ &

ze M} =C8" wehave A(21)" = Span{N(2t)a: a € C¥*'} c C* . Thus

E®) =[] Ne)c* c I xc?.
teJ

Then eréz ® % would have total space

E(p, &’ ®®) =[] N2t /(~)
teC®

C E(p,,&* ® F) = E(X).

The image of x%*' — ¥ on each fiber over ¢ € C¢ is N(2)C**' c ¥ , which

g+l

is exactly the fiber of pZ,éz ® % over t. So we really get a map y —

pz,éz ® % C x . This is necessarily an isomorphism since it is an injective map

between two bundles of the same rank, so we have p2r§2 ® B = x4*', which
completes the proof.

Using c(p_Z,é_z) =1-260 and c(x¢*") = ¢* and the formula for the Chern
class of the tensor product of a vector bundle with a line bundle, we get

Corollary. The nth Chern class of Z is

n g+k
_ g+1—-k (-2) n
@ =3 (510 T
k=0
This completes our discussion on the subvariety B C .
Next we wish to consider the set of subspaces Span{c,, ..., c, ¢ +1) thatsat-
isfy the main theorem. Denote by % the set of 2g + 1-dimensional subspaces
&
Y = Span{c,, ..., Crg ) of C? that satisfy Theorem 2. So % is a subset of
the Grassmannian Gr(2g + 1, 2%).
Proposition 11. The set % is a Zariski open subset of Gr(2g + 1, 2%).

Proof. Denote for simplicity Gr = Gr(2g +1, 2%). Of course % is nonempty
by Theorem 2. Let 2" = Gr— % be the complement of % . We have to show
that Z" is an analytic subvariety of Gr. By Lemma 2, Y € Z if and only if
Y'nB= (0), so we have

Z={Y:Y'nB#(0)}
= {Y: Y nlJ4@nt # (0)}

teJ

= J{Y: Y n420t #(0)}

1eJ

= JLY: Y + 420 £C¥}.
teJ
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Consider the set

Z' =[[{r: Y+ 4@20)#C"} c J x Gr.
teJ

At each point (¢, Y;) € J x Gr, there is a neighborhood which can be parame-
trized by (z, Span{y,, ..., y2g+1}), where y,, ..., Vig41 are vectors in ng
sufficiently near some fixed basis y?, ey ygg .1 of Y,. And restricting ¢
close to ¢, there exists some parametrization A(2t) = Span{a,(?), ..., a,(t)},

where n =2% — (g +1). Then 2"’ restricted to this neighborhood of (ty, Yy)
is exactly where

rank{y,, ..., ¥ypu15 @ (1), o5 @, (1)} < 2%,

and so .2 is the set of common zeroes of all the 2% x 2% subdeterminants of
this matrix. This means that locally in JxGr, 2" is an analytic subvariety, and
hence 2" is an analytic subvariety. Note 2" = p,(Z"), where p,: J xGr — Gr
is the projection onto the second factor. Since J is compact, p, is a proper
map. Therefore .Z°, being the image of a subvariety under a proper map, is an
analytic subvariety of Gr. This completes the proof.

Lemma 4. The set % is the complement of a codimension 1 subvariety in the
Grassmannian Gr(2g + 1, 2%).
Proof. We will be using the fact that the dimension of a Grassmannian Gr(k, n)
is (n—k)k. Let Z be the complement of % as above. We know that Z is
a subvariety, and that

Z={Y:Y'nB#(0)}.
We will count the dimension of .Z~ by counting the number of ways of choosing
Yt e Gr(2% —2g — 1, 2%). The only requirement is that Y" must intersect
B . Since B is a cone of dimension 2g + 1, the number of different ways of
Yt intersecting B in a line is of dimension 2g. Having chosen a line L to
be contained in Y, we need to fill the rest of Y+ by choosing

Y'/LeGr(2® —2¢-2,C¥/L).

The dimension of Gr(2¥ —2g—2,2% 1) is (25 —2g —2)(2g +1). Thus the
dimension of .Z is

26+ (285 -2g-2)2g+1)=(2%-2g-1)2g+1)—1.

Since the dimension of Gr(2g + 1, 2%) is (25 —2g —1)(2g + 1), we have that
Z 1is of codimension 1. This completes the proof.

8. GENERALIZATIONS

We offer two generalization of the main theorem, one to dth order theta
functions, the other to arbitrary vector bundles.
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Theorem 4. For genus g > 1 and d > 2: ,
(1) There exists dg + 1 vectors ¢, ¢y, ..., Chory € " such that for all
teCt, {0,(c; | 2r—t)(w(2)},oy, . ggsr SPan T(M, pthg) as functions of z;
(2) and dg + 1 is the minimum number necessary.

Theorem 5. Let &/ be a (holomorphic) vector bundle of rank n over a compact
analytic variety of dimension k . Suppose there is an imbedding &/ — %, for
some N > n+k, where 7, denotes the trivial bundle of rank N . Then:

(1) There exists an imbedding & — .7,

n+k *

(2) Ifin addition the kth Segre class of &/ , 5,(%), is nonzero, then n+k
is the minimum number necessary.

Proof of Theorem 4.
(1) The proof is analogous to the proof of Theorem 2 except for some slight
differences. We define a rank d® factor of automorphy Xy as that for which

0 (c|dr—(t+ D)) w) = p,(A)xy(t, )0 (c|dr—1)(w).
Precisely, we have that for A=p+ Qg e€.Z,
—2mi
Xats 2) = p,(3) exp = "q(t + 4Qa)2,(4),
where x,(4) is a d® x d* matrix with entries

—2mi ¢

x4(A),, = (Sf_q rexp——'p-v

Its dual x; has total space
* d
E(xy) =[IT(p,_4¢"
teJ

with the natural identification of I'(p,_ dréd) with T'(p,,,_ d,éd). Let
A ={ceC”:0,(c|dr—t)(w(z))=0in z} c C*,

which is in a sense the kernel of the surjection I'(p,_ drfd) — I'(p, Cdg ). These

A(t) form a family of d® — (dg — g + 1)-dimensional subspaces of c” that

vary holomorphically with ¢. Their orthogonal complements A(t)l = {c €
14

c”:'%c.a=0foralla € A(t)} form a family of dg — g + 1-dimensional

subspaces of c” that vary holomorphically with ¢. Analogous to Proposition
7 and its corollary, they have the property that

A(t+dA)*t = At
for any A € % . This says we can define a vector bundle

E@®) =][4@dn* c 7 xc”
teJ

1
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of rank dg — g+ 1. Note E(Z) is a subvariety of dimension dg + 1. Let
B = Uge, A(dt)*t c C%. Denote p,: J x C¥ — C* the projection onto the
second factor. Since p, is a proper map and B = p,(E(%)), then B is an
analytic subvariety of Cc? of dimension at most d g+ 1. Since B is the union
of linear subspaces, it is a cone, that is, » € B implies Cb C B. This allows
us to consider its projectivization PB C cp?’-! , a subvariety of dimension
dim B — 1 < dg. The generic linear subvariety of CP*~! of dimension 4% —
1-dg—1 will not intersect PB . Let such a linear subvariety be PW C cp’!
where W c €% is of dimension dg —1—dg. The fact that PWNPB = QO
implies that W N B = (0). Since W™ is a dimension d g+ 1 subspace, we can
choose a basis ¢, ..., Cags1 of Wt , for some ¢, € c?

Since B = U,cce A(t)" and WN B = (0), then W N A(t)l = (0) for any
fixed + € C®. This implies wt+ At) = c’ by Proposition 8. Since

Span{6,(c, | dr — t)(w(z))},_,

ve,dg+l = {9d<c | dr — t)(w(Z))Z ce W'L}

and
0,(aldr—1t)(w(z))=0 forallae A1),
then

Span{6,(c, | dr — )(W(2))}_; . 4gsi

={0,(c+aldr-n(w(z)):c+ae w + A(t) = Cdg}

d
=T(M, p,(*%).
Thus for any ¢ € C*, the functions {6,(c, | dr - t)(w(z))},ﬁlw‘dngl span
I'(Mm, p,Cdg) as functions of z. Hence these ¢, ..., c,,,, are exactly what
we wanted. This completes the proof of part (1).
(2) We have to show that it is not possible with any dg vectors ¢, ..., ¢, ¢ €

Cd We consider the map m,: J x4 J , multiplication by d .

We will denote the pullback of any bundle #n over J via m, by 7 = m;‘n.
The induced cohomology ring homomorphism my: H(J,Z) — H*(J,Z) is
given by myx, = dx; and m}y, = dy,. In particular, we have m,f =
d*e. Analogous to Proposition 4, for each nonzero ¢ € Cd‘I , we can de-
fine a line bundle u; by E(u:) = [1,c, Span{6,(c | dr —di)(w)} C E()?) =
e, T(J, pgr_grE?) . The Chern class of this bundle is c(u}) = 1-df.

We have E(x*¢7¢"") = [, (M, p,¢*) and c(*475*"") = 7. Let
dg=g+1* throughout tl;ne remainder of this proof, so
—d%

n—a’g g + 1 = ranky

d Th*
E(x"") =11, T(M, p,,0°%) and c(x"") =e
4
Suppose by contradiction that there exist ¢ ,..., ¢, ¢ € C? such that
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{6,(c, | dr - dt)(w(z))}il spans (M, pdtcdg) for all ¢. This means that
* d L d
E(u"), = Span{6,(c, | dr — di)(w(2))}{5, = E(x""), =T(M, p,,0*%)
is surjective, where we denote u" =y, ®--- & ﬂ; for simplicity. This means
1 g

that u* — x"* is surjective on each fiber, and so is a surjective map of vector

bundles J. Equivalently, this means that the map of the duals, x" — u is an
injective map. We have an exact sequence

of vector bundles, where Q is the quotient bundle. Since Q has rank dg —
(dg—g+1)=g—-1,its gth Chern class must be zero. Using the fact that

c(p)=(1+ d())dg and c(?) = dza , we compute the Chern class of Q:
€(Q) = c(w)/e(x") = (1+d0)" /e = (1 + do)5e ™.
Thus the gth Chern class of Q is

2 gk
@= Y (*8)waoy =57

jtk=g
dg\ (—d)*
= (d)*® .
jég ( J ) k!
4 d _d k
=(do)32( _gk)(k!)
RN (dg)! (-d)*
= (d9) kZ=0 (g-k)!(dg—-g+k) k!
8

g
g! k
;, e oo

? @ (6) "

Since ¢,(Q) =0 and @8 £ 0e H**(J, Z) = Z, we must have that

S (de) (&) K
e >z g rm) 0

Separating out the terms for k = g and k=g -1, we get

g-2
g gl 8\, _ nk _
(-d)f +dg’(- +Z dg g+k (k)( d) =0.
Fork=0,l,...,g—2,wehavethat dg—g+k<dg-2 andso

B .. (dg)!
(dg — 1) divides dz—g1h1
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This implies

(dg — 1) divides Z dg g+k (i)(—d)k,

andso (dg—1) divides (—d)® +dg’(~d)®~", which is the same as
(dg - 1) divides (-d)® '(dg’-d).
Since (dg — 1) and d are relatively prime, this implies
(dg — 1) divides (dg’—d).
Since a’g2 —d=g(dg—-1)+g—d, it must be that
(dg—1) divides (g-d).

Since we are assuming g > 1 and 4 > 2, we have that

|g —d| <max(g,d)—-1<dg-1.

So the only way that (dg — 1) can divide (g —d) isif (g —d) = 0, which is
g = d. We now consider two cases, according to whether d is even or odd,
and show in each case that we arrive at a contradiction.

First, we take the case where d = g isodd. Sod >3. For k=0,1,..., g—
3, we have that

3 . (dg)!
(dg —2) divides dz—gi 0

By equation (16), this implies that
(dg—2) divides (—d)° +dg*(-d)* " + @dg(dg — 1) (—d)F 2.

Using d = g, we can rewrite this as
(@ —2) divides (-d)*(1-d°)+ g(*”—z‘ll(—ar)"(ar2 _1,
or

@-2) divides (-a'@ -1 (-1+EEZD).

That (d2 —2) and (d2 —1) are relatively prime is clear. Also gcd(d2 -2,d)=
gcd(—2, d) =1 since d is odd. This forces

(d* —2) divides -1+ d(dz' b,
which is impossible since —1 + ——2 = $(d - 2)(d + 1) is positive and yet
dd-1) 1,2 1 2
-1+ 3 = Ed - id 1<d 2,

so we have a contradiction here.
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We now take the second case where d = g iseven. So d > 4. For k =
0,1,..., g—4, we have that

.. (dg)!
(dg —3) divides dz—g <l
By equation (16), this implies that

(dg—3) divides (-d)* +dg (-d)* "+ ng‘l)dg(dg 1)(=d)F 2

—-1)(g-2 _
+ 88 NE=D) yo(ag 1) dg - (-7,
Using d = g, and after some manipulations, we can rewrite the right-hand side

as

d(d - 1)
2
=)@ - 1) -3)2-d"+3d-2)-2]

= —(-d)*! (d + 1)(d2 - 3)(—d’ +3d) - L{(=a)(d* - 1).

(d-1)d-2)

2
e )

(-d)(d* - 1)(-1 + ) - (-d)(d* - 1)

3

This implies that
(d*-3) divides L(-d)*(@’-1).

Since d is even, we have gcd(d2 -3,d*- 1) = ged(-2, d* - 1) =1 so that it
must be that J
(d* - 3) divides (-d)?.

Since gcd(d2 —3,d) =gcd(-3, d), the only possible prime that divides both

(d2 —3) and d? is 3. This forces

(a’2 —3) = a power of 3.

Since d > 4, we have d> — 3 > 3? and so necessarily 3% divides (d2 -3).
Then 3 also divides d. Let d = 3N, for some integer N. But

d*-3=(3N)’-3=303N"-1)

implies 3 divides (3N 2_ 1) which is clearly impossible.
Having arrived at a contradiction in each of the two cases, the proof is now
complete.

Proof of Theorem 5. Denote the base space by X . We are given that there is
an injection
EW@)— EF) =Xxxc.
(1) Let p,: E(%) = X x cV - C" be the projection onto the second factor,
and let R = p,(E(%)). The fact that & is bundle of rank »n over an analytic

variety of dimension k implies that E(%/) is an analytic variety of dimension
k +n. Since X is compact, p, is clearly a proper map, so R is an anaytic

subvariety of C" of dimension at most k + n. The property that R is a
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cone allows us to consider its projectivization PR as an analytic subvariety
of CPY™' of dimension dimR — 1. The fact that PR has dimension less
than or equal to n + k — 1 implies that a generic linear subspace of cPV! of
dimension N — 1 — (n + k) will not intersect PR. Pick some generic linear
subspace K C C" of dimension N — (n+ k), so PK C CP’™! will be of
dimension N — 1 — (n+ k) and thus will not intersect PR. This implies that
K N R = (0). Consider the canonical projection map 7: c’ -V /K . Fix an
identification C"/K = C"**. This gives a map of vector bundles %, — .7, ,
by

) =4X'X1Cf+k,

whose kernel is XxK . We are interested in the composition & — %, — %, .
On each fiber over x € X, the map is

E),=RNE(S,), — E(J,

n+k )x ’
The kernel is (X x K)N(RNE(F),) = (KNR)NE(H), = (0), so the map is
injective on each fiber. This gives us an injection & — .7 _, , which completes
the proof of part (1).

(2) We now assume in addition that the kth Segre class of &/, s5,(%) €

H 2k(X , Z), is nonzero. Recall that the Segre class is defined as the inverse of
the Chern class. Precisely, we have s(&/) = 1/c(% )€ H (X, Z).

Suppose by contradiction that n + k is not the minimum number required,
so there exists some imbedding & — ¢ for some m < n+k — 1. There is
an exact sequence

E(#)=xxC" X5 E(s

n+k

+k

0~ >S5 —-Q0—0
of vector bundles over X, where Q is the quotient bundle. The fact that
rankQ = m — n < k — 1 implies that the kth Chern class of @, ¢, (Q), must
be zero. But we have that

(@) =c(S,)/c(H)=1/]c() =s(),

so that ¢, (Q) = 5, (%) is nonzero by assumption. This contradiction completes
the proof.

In fact the construction of the imbedding &% — .7, , done in the proof
above says more.

Corollary 1. Suppose we have the same assumptions as in Theorem 5. Then there
exists an imbedding &/ — %, , where 7 is some quotient bundle of %

and the imbedding comes from the composition & — S, - 2 .

The dual statement of this corollary is the following.

Corollary 2. Let &/ be a (holomorphic) vector bundle of rank n over a compact
analytic variety of dimension k. Suppose there is a surjection %, - &/, for
some N >n+ k. Then:

(1) There exists a subbundle %, , — %, so that the restricted map

Fox — ¥ remains surjective.
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(2) If in addition the kth Segre class of & , s,( ), is nonzero, then n+k
is the minimum number necessary.

9. FINAL REMARKS

We will illustrate another usage of the identification M'"! = PE( ") In

[16], Mattuck was interested in cross sections of the projective bundle M nl
J, with n > 2g — 1. There he proved that M 26=1 _, J has no cross sections
for “general” M, but that for n > 4g, M"™ — J does have cross sections.
Observe that for any vector bundle &/, a cross section of P&/ corresponds
exactly to a line subbundle of % . The fact that M?¢~" has no cross sec-
tions is equivalent to the fact that y®* has no line subbundles, which can be
deduced as follows. Suppose x® has a line subbundle, call it L. For “gen-
eral” M, the codimension 1 divisors of J(M) are all linear combinations of
translations of the theta divisor, so necessarily ¢(L) = 1+ a6 for some a € Z.
Then c(x*"/L) = c(x*)/c(L) = e % /(1 + ab) = e %(1 — ab + a*6* —-..). But
ranky®"/L = g — 1 implies

at™?

1
2! .|,.._i_E s

0=c,(x*"/L) = (~0)° |a® +a*~" +

which contradicts the fact that the exponential polynomial has no rational roots.
This was essentially the proof Mattuck gave.

We can improve on his bound of 4g by the following argument. Consider
the bundle )(g“* . Since £ is an ample line bundle on J, we have for some
sufficiently large N € Z that ¢V @ xg”* is generated by global sections. The
rank of this bundle is 1 larger than the dimension of the base space. By Atiyah’s
theorem [3, Theorem 2], éN ® )(g”* has a trivial line subbundle, ¥ — éN ®
25" . Thus we have ¢V < 81" 5o that ¥**'" has a line subbundle. This
means that M*¢! has a cross section.

Theorem 6. The projective bundle M "l _, J has cross sections for n>2g.

So we obtain an imbedding J — M 281 1p fact, being a cross section, this
is a nonsingular imbedding.

This theorem on the existence of cross sections of projective bundles can be
generalized to more general varieties.

Theorem 7. Let X be a nonsingular projective variety of dimension k. Then
any projective bundle P of dimension n > k has a cross section.

Proof. We will use Serre’s results [18] that over a projective variety, every co-
herent analytic sheave corresponds uniquely to a coherent algebraic sheave. So
for the moment, view P as an algebraic projective bundle. Since X is non-
singular, in particular locally factorial, we may apply a result of Grothendieck
[5, §3.4] that every algebraic projective bundle is derived from some algebraic
vector bundle. Let E be some vector bundle of rank n+ 1 for which P = PE .
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Being a projective variety, X has an ample line bundle. Let ¢ be an ample line
bundle on X . For some large enough N, CN®E is generated by global sections.
Since this vector bundle has dimension n + 1 > k, then by Atiyah’s theorem
[3, Theorem 2], it has a trivial subbundle .¥ — ¢" ® E. Then EVN S Eisa
line subbundle of E. This implies that P has a cross section.

In particular, since the Jacobian of a curve is a nonsingular projective variety,
we have

Corollary. Every projective bundle over J of dimension greater than g has a
cross section.
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